
Integrability vs exact solvability in the
quantum Rabi model and beyond

Murray Batchelor
Chongqing University, China & Australian National University

RAQIS’14, Dijon, Sep 1–5, 2014

in collaboration with Huan-Qiang Zhou, arXiv:1408.3816



Outline of this talk

0) interaction between light and matter

1) Rabi model

2) eigenspectrum of the quantum Rabi model

3) phenomenological criterion for quantum integrability

4) Yang-Baxter integrability

5) Dicke model



Interaction between quantum light and matter

The Rabi model describes a two-level atom coupled to a quantised,
single mode harmonic oscillator (bosonic field).

Applicable to a wide range of physical systems:
• interaction between light and trapped ions or quantum dots
• interaction between microwaves and superconducting qubits
• cavity QED
• circuit QED

APS/Alan Stonebraker

Figure 1: The Rabi model describes the simplest interaction between quantum light and matter. The model considers a two-level atom
coupled to a quantized, single-mode harmonic oscillator (in the case of light, this could be a photon in a cavity, as depicted in the
figure). The model applies to a variety of physical systems, including cavity quantum electrodynamics, the interaction between light and
trapped ions or quantum dots, and the interaction between microwaves and superconducting qubits.

APS/Alan Stonebraker



different class of models



The quantum Rabi model

I Rabi, Phys. Rev. 49, 324 (1936); 51, 652 (1937)

The Hamiltonian (~ = 1) reads

HR = ∆σz + ω a†a + g σx(a + a†)

where

• σx and σz are Pauli matrices for the two-level system with level
splitting 2∆, and

• a† (a) denote creation (destruction) operators for a single
bosonic mode with [a, a†] = 1 and frequency ω.

• g is the coupling between the two systems.

The Rabi model has Z2 symmetry (parity).

=⇒ simplest system of quantum light interacting with matter.



The Jaynes-Cummings model

E T Jaynes & F W Cummings, Proc. IEEE 51, 89 (1963)

The JC model is the rotating-wave approximation to the Rabi
model, with Hamiltonian

HJC = ∆σz + ω a†a + g (σ+a + σ−a†)

with σ± = 1
2 (σx ± iσy ).[

HR = ∆σz + ω a†a + g (σ+a + σ−a†) + g (σ+a† + σ−a)
]

• applicable because the conditions of near resonance, 2∆ ≈ ω and
weak coupling g � ω, for the rotating-wave approximation apply
to many experiments.

• the JC model is integrable in the Yang-Baxter sense.
nice review in N M Bogoliubov & P P Kulish, J. Math. Sciences 192, 14 (2013)



Eigenspectrum of the quantum Rabi model

• For a long time the Rabi model has been known to exhibit
isolated exact solutions. B Judd, J Phys C 12, 1685 (1979)

• Proven to be of the form E = nω − g2/ω with n level crossings
for each n. M Kus, J Math Phys 26, 2792 (1985)
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Aside: quasi-exactly solved models

• In quantum mechanics quasi-exactly solved (QES) systems are
systems with potentials for which it is possible to find a finite
number of exact eigenvalues and associated eigenfunctions in
closed form.

• There is a correspondence between QES models in quantum
mechanics and the set of orthogonal polynomials Pm(E ),
which are polynomials in energy E . CM Bender & GV Dunne, JMP 37, 6 (1996)

• The Rabi eigenvalue problem can be written as a 2nd order
ODE.

• Under certain conditions this ODE can be solved in terms of
orthogonal polynomials ⇒ gives the isolated exact solutions.

E.g., for n = 1, E = 1− g2 with ∆2 + 4g2 = 1 (in units of ω).
R Koc, M Koca & H Tütüncüler, J Phys A 35, 9425 (2002)

• The Rabi model has been called a quasi-exactly solved model.
A Moroz, Ann Phys (NY) 338, 319 (2013), Y-Z Zhang, JMP 54, 102104 (2013)

only ”a finite no. of their eigenvalues and corresponding eigenfunctions can be determined algebraically”



Braak’s solution of the quantum Rabi model
D Braak, PRL 107, 100401 (2011) & Ann. Phys. (Berlin) 525, L23 (2013)

Using the representation of the bosonic operators in the Bargmann
space of analytic functions

a† → z , a→ d

dz

the regular eigenvalues are given in terms of the zeros x±n of

G±(x) =
∞∑
n=0

Kn(x)

[
1∓ ∆

x − nω

](g
ω

)n
where Kn(x) are defined recursively by nKn = fn−1(x) Kn−1 − Kn−2 with initial conditions
K0 = 1,K1(x) = f0(x), and

fn(x) =
2g

ω
+

1

2g

(
nω − x +

∆2

x − nω

)
.

The eigenvalues follow from E±n = x±n − g2/ω.

The function G±(x) is obtained as a consistency condition for two
different series expansions for the eigenstates.



variable x, which is defined through its power series in the
coupling g:

G!"x# $
X1

n$0

Kn"x#
!
1% !

x& n!

"#
g

!

$
n
: (3)

The coefficients Kn"x# are defined recursively,

nKn $ fn&1"x#Kn&1 & Kn&2; (4)

with the initial condition K0 $ 1, K1"x# $ f0"x#, and

fn"x# $
2g

!
' 1

2g

#
n!& x' !2

x& n!

$
: (5)

To derive the result (3)–(5) for G!"x# [23], we used the
representation of bosonic operators in the Bargmann space
of analytical functions [24].

The function G!"x# is not analytic in x but has simple
poles for x $ 0; !; 2!; . . . (see Fig. 1); these poles are
precisely the eigenvalues of the uncoupled bosonic mode.
Then the regular energy spectrum of the Rabi model in
each invariant subspaceH! with parity!1 is given by the
zeros ofG!"x#: for all values x!n withG!"x!n # $ 0, the nth
eigenenergy with parity !1 reads E!

n $ x!n & g2=!.
For special values of model parameters g;!, there are

eigenvalues which do not correspond to zeros of (3); these
are the exceptional ones. All exceptional eigenvalues have
the form Ee

n $ n!& g2=!, and the necessary and suffi-
cient condition for the occurrence of the eigenvalue Ee

n

reads Kn"n!# $ 0, which furnishes a condition on the
model parameters g and j!j. These exceptional solutions
to (1) have been known for a long time and were first
discovered by Judd [25]. They occur when the pole of
G!"x# at xn $ n! is lifted because its numerator in (3)
vanishes. As then G!"x# ! 0, this eigenvalue has no defi-
nite parity and is therefore doubly degenerate.

The functional form of G!"x# reads

G!"x# $ G0
!"x# '

X1

n$0

h!n
x& n!

; (6)

where G0
!"x# is entire in x. The position of the solutions to

G!"x# $ 0 is dictated by the pole structure of G!"x#,
which leads to the conjecture that the number of eigenval-
ues in each interval (n!; "n' 1#!) is restricted to be 0, 1,
or 2. Moreover, an interval (n!; "n' 1#!) with two roots
of G!"x# $ 0 can only be adjacent to an interval with one
or zero roots; in the same way, an empty interval can never
be adjacent to another empty interval. These conjectures,
which can be confirmed numerically, lead to a fairly regu-
lar distribution of the energies and a violation of the Berry-
Tabor criterion [18,26]. Figure 2 shows the lowest part of
the Rabi spectrum as function of g. There are no level
crossings within each parity subspace, allowing the unique
labeling of each state jc i with a pair of two quantum
numbers, jc i $ jn0; n1i: the parity quantum number n0,
which takes the values '1 and &1, and n1 $ 0; 1; 2; . . . ,
which denotes the n1th zero of Gn0"x#. The exceptional

solutions correspond to level crossings between H' and
H&. This characterization of each eigenstate through two
quantum numbers corresponding to the d.o.f. of the system
parallels the unique assignment of three quantum numbers
n, l, m to the eigenstates of the hydrogen atom, reflecting
the quantization of radial and angular d.o.f., a hallmark of
integrability.
It seems therefore natural to call a quantum system

integrable when such an assignment can be made—inde-
pendent of the explicit determination of conserved quanti-
ties or even action variables, which is only possible if the
system under consideration has an integrable classical limit
in the sense of Liouville. I propose the following criterion.
Criterion of quantum integrability.—If each eigenstate

of a quantum system with f1 discrete and f2 continuous
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FIG. 1 (color online). G'"x# [light gray (red) lines] and G&"x#
[dark gray (blue) lines] in the interval [& 1; 5] for ! $ 1,
g $ 0:7, and ! $ 0:4
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FIG. 2 (color online). Rabi spectrum for ! $ 0:4, ! $ 1, and
0 * g * 0:8 in the spaces with positive [light gray (red) lines]
and negative [dark gray (blue) lines] parity. Within each space
the states are labeled with ascending numbers 0; 1; 2; . . . . This
labeling does not change with g because no lines intersect within
spaces of fixed parity. The spectral graph is composed of two
intersecting ‘‘ladders’’ of level lines, each corresponding to one
parity subspace. This labeling is used on the right side of the
figure. On the left side the states with g $ 0 are labeled by the
uncoupled d.o.f.; i.e., in j!; ni, ' or & corresponds to the two-
level system and n $ 0; 1; 2; . . . to the eigenstates of the bosonic
mode.
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Figure from Braak for ω = 1, g = 0.7,∆ = 0.4

Red lines: + parity, blue lines: − parity.
Simple poles at x = 0, ω, 2ω, . . . correspond to the eigenvalues of
the uncoupled bosonic modes.



Rabi spectrum
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To derive the result (3)–(5) for G!"x# [23], we used the
representation of bosonic operators in the Bargmann space
of analytical functions [24].

The function G!"x# is not analytic in x but has simple
poles for x $ 0; !; 2!; . . . (see Fig. 1); these poles are
precisely the eigenvalues of the uncoupled bosonic mode.
Then the regular energy spectrum of the Rabi model in
each invariant subspaceH! with parity!1 is given by the
zeros ofG!"x#: for all values x!n withG!"x!n # $ 0, the nth
eigenenergy with parity !1 reads E!

n $ x!n & g2=!.
For special values of model parameters g;!, there are

eigenvalues which do not correspond to zeros of (3); these
are the exceptional ones. All exceptional eigenvalues have
the form Ee

n $ n!& g2=!, and the necessary and suffi-
cient condition for the occurrence of the eigenvalue Ee

n

reads Kn"n!# $ 0, which furnishes a condition on the
model parameters g and j!j. These exceptional solutions
to (1) have been known for a long time and were first
discovered by Judd [25]. They occur when the pole of
G!"x# at xn $ n! is lifted because its numerator in (3)
vanishes. As then G!"x# ! 0, this eigenvalue has no defi-
nite parity and is therefore doubly degenerate.

The functional form of G!"x# reads
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G!"x# $ 0 is dictated by the pole structure of G!"x#,
which leads to the conjecture that the number of eigenval-
ues in each interval (n!; "n' 1#!) is restricted to be 0, 1,
or 2. Moreover, an interval (n!; "n' 1#!) with two roots
of G!"x# $ 0 can only be adjacent to an interval with one
or zero roots; in the same way, an empty interval can never
be adjacent to another empty interval. These conjectures,
which can be confirmed numerically, lead to a fairly regu-
lar distribution of the energies and a violation of the Berry-
Tabor criterion [18,26]. Figure 2 shows the lowest part of
the Rabi spectrum as function of g. There are no level
crossings within each parity subspace, allowing the unique
labeling of each state jc i with a pair of two quantum
numbers, jc i $ jn0; n1i: the parity quantum number n0,
which takes the values '1 and &1, and n1 $ 0; 1; 2; . . . ,
which denotes the n1th zero of Gn0"x#. The exceptional

solutions correspond to level crossings between H' and
H&. This characterization of each eigenstate through two
quantum numbers corresponding to the d.o.f. of the system
parallels the unique assignment of three quantum numbers
n, l, m to the eigenstates of the hydrogen atom, reflecting
the quantization of radial and angular d.o.f., a hallmark of
integrability.
It seems therefore natural to call a quantum system

integrable when such an assignment can be made—inde-
pendent of the explicit determination of conserved quanti-
ties or even action variables, which is only possible if the
system under consideration has an integrable classical limit
in the sense of Liouville. I propose the following criterion.
Criterion of quantum integrability.—If each eigenstate
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FIG. 2 (color online). Rabi spectrum for ! $ 0:4, ! $ 1, and
0 * g * 0:8 in the spaces with positive [light gray (red) lines]
and negative [dark gray (blue) lines] parity. Within each space
the states are labeled with ascending numbers 0; 1; 2; . . . . This
labeling does not change with g because no lines intersect within
spaces of fixed parity. The spectral graph is composed of two
intersecting ‘‘ladders’’ of level lines, each corresponding to one
parity subspace. This labeling is used on the right side of the
figure. On the left side the states with g $ 0 are labeled by the
uncoupled d.o.f.; i.e., in j!; ni, ' or & corresponds to the two-
level system and n $ 0; 1; 2; . . . to the eigenstates of the bosonic
mode.
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Figure from Braak for ω = 1,∆ = 0.4



Eigenstates |ψ〉 of the quantum Rabi model

H Zhong, Q Xie, MTB & C Lee, J. Phys. A 46, 415302 (2013)

|ψ〉 = ψ1(a†)|0〉 |↑〉+ ψ2(a†)|0〉 |↓〉

where ψ1,2 are analytical functions of the creation operator a†,
|0〉 is the vacuum state for the bosonic mode, and |↑〉 and |↓〉 are
the eigenstates of σz with eigenvalues 1 and −1.

Using the relations a|0〉 = 0, [a†, ψ1,2] = 0 and [a, ψ1,2] =
dψ1,2

dz
with z = a†, the operator functions satisfy

z
dψ1

dz
+ g

(
dψ2

dz
+ zψ2

)
+ ∆ψ1 = Eψ1

z
dψ2

dz
+ g

(
dψ1

dz
+ zψ1

)
−∆ψ2 = Eψ2

These equations are equivalent to the those in the Bargmann space
of analytical functions.



Writing f1 = ψ1 + ψ2 and f2 = ψ1 − ψ2 and eliminating f2, the
coupled first-order differential equations are equivalent to a
second-order differential equation for f1(z):

d2f1
dz2

+ p(z)
df1
dz

+ q(z)f1 = 0

p(z) =
(1 − 2E − 2g2)z − g

z2 − g2
,

q(z) =
−g2z2 + gz + E2 − g2 − ∆2

z2 − g2
.

• Symmetric, anti-symmetric and asymmetric solutions for the
eigenstates are given in terms of confluent Heun functions.
See also A J Maciejewski, M Przybylska & T Stachowiak, Phys. Lett. A 378, 16 (2014)

The Heun functions satisfy a 2nd order linear ODE (Heun 1889). See “The Heun Project” theheunproject.org

• The exceptional parts of the eigenspectrum – the Judd isolated
exact solutions – appear naturally as truncations of the confluent
Heun functions.



• The conditions proposed by Braak are a type of sufficiency
condition for determining the regular solutions.

• The figure shows the Wronskian W1(E , z) as a fn of E/ω for
z = 0 (red lines) and z = 0.5 (blue lines) with ω = 1, ∆ = 0.7 and
g = 0.8.
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Integrability of the Rabi model??

Integrability of the Rabi Model

D. Braak
EP VI and Center for Electronic Correlations and Magnetism, University of Augsburg, 86135 Augsburg, Germany

(Received 22 April 2011; published 29 August 2011)

The Rabi model is a paradigm for interacting quantum systems. It couples a bosonic mode to the

smallest possible quantum model, a two-level system. I present the analytical solution which allows us to

consider the question of integrability for quantum systems that do not possess a classical limit. A criterion

for quantum integrability is proposed which shows that the Rabi model is integrable due to the presence of

a discrete symmetry. Moreover, I introduce a generalization with no symmetries; the generalized Rabi

model is the first example of a nonintegrable but exactly solvable system.

DOI: 10.1103/PhysRevLett.107.100401 PACS numbers: 03.65.Ge, 02.30.Ik, 42.50.Pq

The Rabi or single-mode spin-boson model constitutes
probably the simplest physical system beyond the har-
monic oscillator. Introduced over 70 years ago [1], its
applications range from quantum optics [2] and magnetic
resonance to solid state [3] and molecular physics [4]. Very
recently, it has gained a prominent role in novel fields of
research such as cavity QED [5] and circuit QED [6]. It can
be experimentally realized in Josephson junctions [7] or
using trapped ions [8], in Cooper-pair boxes [9] and flux
q-bits [10]. In this way, its complete theoretical under-
standing is mandatory for all feasible approaches to quan-
tum computing [11]. Despite its old age and central
importance, the Rabi model has not been exactly solved
[3,12–15]. With the other paradigm of quantum physics,
the hydrogen atom, it shares an infinite-dimensional state
space but—in contrast to the latter—the spectrum and
eigenfunctions of the Rabi model are known only by
numerical diagonalization in a truncated, finite-
dimensional Hilbert space. This is quite surprising, as the
Rabi model has a smaller number of degrees of freedom
(d.o.f.) than the hydrogen atom. In particular, a single
d.o.f., subject to a harmonic potential, couples to a quan-
tum system with only two allowed states j "i and j #i.
Therefore, it does not possess a classical limit: the quantum
d.o.f. has a finite-dimensional Hilbert space and places the
Rabi model in between the case of one and two (classical)
d.o.f. The Hamiltonian reads (@ ! 1)

HR ! !aya" g!x#a" ay$ "!!z: (1)

Here, the !x;z are Pauli matrices for the two-level system
with level splitting 2! and a (ay) denote destruction
(creation) operators of a single bosonic mode with fre-
quency !. These two systems are coupled through a term
proportional to g, which has different interpretations ac-
cording to the experimental situation to model.

Although (1) represents the simplest of all physically
sensible interacting quantum systems, it poses a serious
obstruction to its analytical solution because of the appar-
ent lack of a second conserved quantity besides the energy,
which has led to the widespread opinion that it cannot be

integrable [16–21]. To remedy this difficulty, Jaynes and
Cummings (JC) proposed in the 1960s an approximation to
(1) which does possess such a quantity [22]. Their
Hamiltonian reads

HJC ! !aya" g#!"a" !%ay$ " !!z; (2)

with !& ! #!x & i!y$=2. Here, the operator C ! aya"
1
2 #!z " 1$ commutes with HJC and leads at once to the
solvability of (2). The JC model is the so-called ‘‘rotating-
wave’’ approximation to (1) and was justified because the
conditions of near resonance 2! ' ! and weak coupling
g ( ! for such an approximation are realized in many
experiments. The conservation of C signifies that the state
space decomposes into an infinite sum of two-dimensional
invariant subspaces. Each eigenstate of (2) is then labeled
by C ! 0; 1; 2; . . . and a two-valued index, for example
" and %, denoting a basis vector in the two-dimensional
subspace which belongs to C. Whereas the possible values
of C form an unbounded set, corresponding to the quanti-
zation of a classical d.o.f., the second quantum number can
take only two values, reflecting the intrinsic quantum
nature of the two-level system.
The conserved quantity C generates a continuous U#1$

symmetry of the JCmodel (2)which is broken down toZ2 in
the Rabi model (1) due to the presence of the term ay!" "
a!% [14]. This residualZ2 symmetry, usually called parity,
leads to a decomposition of the state space into just two
subspaces H&, each with infinite dimension. One would
conclude that this symmetry cannot suffice to solve the
model exactly—but in fact it does. Whereas a discrete
symmetry is tooweak to accommodate a classical (continu-
ous) d.o.f., it can do so with a quantum d.o.f. We observe a
direct relation between the nature of the d.o.f. (continuous
or discrete) and the symmetry [U#1$ versus Z2], which can
be used to ‘‘eliminate’’ it by fixing the corresponding irre-
ducible representation.
Our main result is the following. The spectrum of (1)

consists of two parts, the regular and the exceptional
spectrum. Almost all eigenvalues are regular and given
by the zeros of the transcendental function G&#x$ in the

PRL 107, 100401 (2011)
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Phenomenological criterion for quantum integrability

D Braak, PRL 107, 100401 (2011)

Inspired by the classical integrability of the hydrogen atom, QI is
stated to be equivalent to the existence of f “quantum numbers”
to classify eigenstates uniquely.

“If each eigenstate of a quantum system with f1 discrete and f2
continuous degrees of freedom can be uniquely labelled by
f1 + f2 = f quantum numbers {d1, . . . , df1 , c1, . . . , cf2}, such that
the dj can take on dim(Hj) different values, where Hj is the state
space of the jth discrete degree of freedom and the ck range from
0 to infinity, then this system is quantum integrable.”

“The Rabi model has f1 = f2 = 1 and degeneracies take place
between levels of states with different parity, whereas within the
parity subspaces no level crossings occur. . . . The global label
(valid for all values of g) is two dimensional as f = f1 + f2 = 2; the
Rabi model belongs therefore to the class of integrable systems.”



Centre for Modern Physics Director and Teamaster Prof. Huan-Qiang Zhou

29 April 2014



But what about Yang-Baxter integrability?

If the Rabi model is integrable, is it Yang-Baxter integrable?

The concept of Yang-Baxter integrability is ideally suited to
(1+1)-dimensional quantum systems.

Variables can either be discrete or continuous.

The master key to integrability!

Mural at Simons Centre, Stony Brook



Yang-Baxter integrability in the Rabi model

HR = 2∆ sz + ω a†a + g(s+ + s−)(a + a†)

SUMMARY

We find the model is Yang-Baxter integrable for two cases:

1) ∆ = 0 ⇒ known as the degenerate atomic limit.

2) ω = 0 ⇒ not included in Braak’s solution.

In both cases, there is an extra conserved quantity C ,
i.e., [HR ,C ] = 0, where:

1) for ∆ = 0, C = s+ + s−.

2) for ω = 0, C = a† + a.

The key idea is to introduce an operator-valued twist, which yields
a solution to the Yang-Baxter relation.



1) ∆ = 0

We construct τ(u) = trT (u), where the monodromy matrix

T (u) =

[
1 s+ + s−

s+ + s− −1

] [
1 + ηu + η2N ηa

ηa+ 1

]
satisfies the intertwining relation

R12(u − v)T1(u)T2(v) = T2(v)T1(u)R12(u − v)

with the R-matrix

R12(u) =


u + η 0 0 0

0 u η 0
0 η u 0
0 0 0 u + η


satisfying the Yang-Baxter relation

R12(u − v)R13(u)R23(v) = R23(v)R13(u)R12(u − v).

Thus by construction [τ(u), τ(v)] = 0, with

τ(u) = η[u + ηN + (s+ + s−)(a† + a)] = η[u + g−1HR ],

where we have identified η = ω/g and N = a†a.



2) ω = 0

We construct τ(u) = trT (u), with now the monodromy matrix

T (u) =

[
1 + λ a + a+

a + a+ 1− λ

] [
u + ηsz ηs−

ηs+ u − ηsz
]

where λ = ∆
g , which satisfies the intertwining relation

R12(u − v)T1(u)T2(v) = T2(v)T1(u)R12(u − v)

with the same R-matrix

R12(u) =


u + η 0 0 0

0 u η 0
0 η u 0
0 0 0 u + η


satisfying the Yang-Baxter relation. Here

τ(u) = 2u + η[2λsz + (a† + a)(s+ + s−)] = 2u + ηg−1HR .



Yang-Baxter integrability in general?

• Although integrable at the two parameter values ∆ = 0 and
ω = 0, the fully quantised Rabi model does not appear to be
Yang-Baxter integrable in general.

• Others have tried in the past to look for integrable extensions
of the Rabi model beyond the random-wave approximation,
i.e., beyond the Jaynes-Cummings model.
L Amico, H Frahm, A Osterloh & GAP Ribeiro, NPB 787, 283 (2007)

L Amico, H Frahm, A Osterloh & T Wirth, NPB 839, 604 (2010)

They could not construct the fully quantised Rabi model in
this way.

• We contend that the Rabi model is not Yang-Baxter
integrable in general.



“First example of a nonintegrable but exactly solvable system”??

Braak also considers the generalised Rabi model

Hε = ∆σz + ω a†a + g σx(a + a†) + ε σx

• the term ε σx breaks the parity symmetry.

• Braak solves this model in the same way.

• Eigenstates also obtained in terms of confluent Heun functions.
H Zhong, Q Xie, X W Guan, MTB, K Gao & C Lee, J Phys A 47, 045301 (2014)

exactly solvable, although it does not possess any symme-
try [23]. Define the functions

R!"x# $
X1

n$0

K!
n "x#

!
g

!

"
n
; (8)

!R!"x# $
X1

n$0

K!
n "x#

x% n!! !

!
g

!

"
n
: (9)

The K!
n "x# are again recursively defined,

nK!
n $ f!n%1"x#K!

n%1 % K!
n%2; (10)

with the initial condition K!
0 $ 1, K!

1 "x# $ f!0 "x#, and

f!n "x# $
2g

!
& 1

2g

!
n!% x! !& "2

x% n!! !

"
: (11)

The nth eigenvalue En of (7) is given by the nth zero xn of

G!"x# $ "2 !R&"x# !R%"x# % R&"x#R%"x# (12)

through En $ xn % g2=!. The fact that H! can be diago-
nalized analytically although not even a discrete symmetry
is present signifies that integrability and solvability are not
equivalent in the realm of quantum physics. In contrast to
classical mechanics, nonintegrable quantum systems with
exact solutions exist.
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Contradiction?

• The generalised Rabi model is non-integrable according to
Braak’s criterion.

• Can also show, by modifying the operator-valued twists, that
the generalised Rabi model is YBI at each of the two points
∆ = 0 and ω = 0.



Integrability vs exact solvability

• • Yang-Baxter integrable points of the quantum Rabi model
ES:= Exactly Solvable
BS:= Braak Solvable
YBI:= Yang-Baxter Integrable



The Dicke model
R H Dicke, Phys. Rev. 93, 99 (1954)

Extension of the Rabi model to N two-level qubits:

HD = 2∆Sz + ω a†a + g(S+ + S−)(a + a†)

where now

Sz =
N∑
j=1

szj , Sx =
N∑
j=1

sxj , S± =
N∑
j=1

s±j .

• Of great interest for both small and large N:

a) For N = 2 it constitutes the simplest model of the universal
quantum gate for ion trap quantum computing.

b) Transition to super-radiant state for large N.

• Shown to be Braak solvable for N = 2 and N = 3.
J Peng, Z-Z Ren, D Braak, G-J Guo, G-X Ju, X Zhang & X-Y Guo, J. Phys. A 47, 265303 (2014)

H Wang, S He, L-W Duan, Y Zhao & Q-H Chen, EPL 106, 54001 (2014)

D Braak, J. Phys. B 46, 224007 (2013)



Yang-Baxter integrability in the Dicke model

• Applying the RWA leads to the Tavis-Cummings model:

HTC = 2∆Sz + ω a†a + g (S+a + S−a†).

M Tavis & F W Cummings, Phys. Rev. 170, 379 (1968)

• The TC model reduces to the JC model for N = 1.

• The TC model is Yang-Baxter integrable for general N and
can be solved by the algebraic Bethe Ansatz.
see N M Bogoliubov & P P Kulish, J. Math. Sciences 192, 14 (2013)

⇒ so what about the Dicke model?

Not integrable for N > 1 according to Braak’s criterion.



1) ∆ = 0

We construct τ(u) = trT (u), where the monodromy matrix

T (u) =

[
1 S+ + S−

S+ + S− −1

] [
1 + ηu + η2N ηa

ηa+ 1

]
satisfies the intertwining relation

R12(u − v)T1(u)T2(v) = T2(v)T1(u)R12(u − v)

with the R-matrix

R12(u) =


u + η 0 0 0

0 u η 0
0 η u 0
0 0 0 u + η


satisfying the Yang-Baxter relation

R12(u − v)R13(u)R23(v) = R23(v)R13(u)R12(u − v).

Thus
τ(u) = η[u + g−1HD ],

where η = ω/g and N = a†a.



2) ω = 0

We construct τ(u) = trT (u), with the monodromy matrix

T (u) =

[
1 + λ a + a+

a + a+ 1− λ

] [
u + ηSz ηS−

ηS+ u − ηSz

]
where λ = ∆

g , which satisfies the same intertwining and
Yang-Baxter relations.

• In this case the spin part of the monodromy matrix can be
factorised into N terms.
• Now the operator τ(u) is a polynomial of degree N, with

τ(u) = 2uN + ηg−1uN−1HD + . . . .

• The parameter value ω = 0 of the Dicke model has been found
to be YBI using another approach. In particular, a Bethe Ansatz
solution has been obtained from the elliptic Gaudin model through
a limiting procedure.
A. Kundu, Phys. Lett. A 350, 210 (2006)



Conclusion

1) The fully quantised Rabi and Dicke models do not appear to
be Yang-Baxter integrable in general.

2) They are however, YBI at two special parameter values. More
work can be done at these points.

3) For systems of this kind, should the terms exact solved,
integrable and YBI all be synonymously interchangeable?

4) Braak’s phenomenological criterion for quantum integrability
is questionable.


