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Plan of the talk

@ Equilibrium dynamics
@ Finite temperatures in Lieb-Liniger

@ Spinons in Heisenberg

@ Out-of-equilibrium dynamics
@ Quantum dots

@ Interaction quench in Lieb-Liniger

@ Anisotropy quench in XXZ

@ Summary & perspectives
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Applications of integrabillity
IN many-body physics
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Models discussed in this talk:
7w O Interacting Bose gas (Lieb-Liniger)
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The
Bethe Wavefunction

The
Bethe Wavefunction

Michel Gaudin

Translated by Jean-Sébastien Caux

Michel Gaudin’s book La fonction d’onde de Bethe is a uniquely influential
masterpiece on exactly solvable models of quantum mechanics and statistical
physics. Available in English for the first time, this translation brings his classic work
to a new generation of graduate students and researchers in physics. It presents a
mixture of mathematics interspersed with powerful physical intuition, retaining the
author’s unmistakably honest tone.

The book begins with the Heisenberg spin chain, starting from the coordinate
Bethe Ansatz and culminating in a discussion of its thermodynamic properties.
Delta-interacting bosons (the Lieb-Liniger model) are then explored, and extended
to exactly solvable models associated with a reflection group. After discussing
the continuum limit of spin chains, the book covers six- and eight-vertex models in
extensive detail, from their lattice definition to their thermodynamics. Later chapters
examine advanced topics such as multicomponent delta-interacting systems,
Gaudin magnets and the Toda chain.

MICHEL GAUDIN is recognized as one of the foremost experts in this field, and
has worked at Commissariat a I'énergie atomique (CEA) and the Service de
Physique Théorique, Saclay. His numerous scientific contributions to the theory of
exactly solvable models are well known, including his famous formula for the norm
of Bethe wavefunctions.

JEAN-SEBASTIEN CAUX is a Professor in the theory of low-dimensional
quantum condensed matter at the University of Amsterdam. He has made
significant contributions to the calculation of experimentally observable dynamical
properties of these systems.
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The general idea, simply stated:

Start with your favourite quantum state
(expressed in terms of Bethe states)

O = [1A})

Apply some operator on it

Reexpress the result in the basis of Bethe states:

O} = Z F{(Z},{/\} {ut)
{m}

using ‘matrix elements’ F{(Z}’{A} = ({u}|O{A})



Equilibrium
dynamics
from
integrability



Equilibrium dynamics using integrability
Cases which we've handled:
[Q Heisenberg model j

@ XXZ gapless antiferromagnets

@ XXZ gapped antiferromagnets
@ Spin-1 chain (Babujan-Takhtajan) J

@ Lieb-Liniger (repulsive interactions)]

1 AY A

@ Lieb-Liniger (attractive interactions)
@ Richardson model

@ Central spin model
@ Perturbed integrable models: NRG from BA



Repulsive Lieb-Liniger gas

Density-density (dynamical SF) (-S C & P Calabrese, PRA 2006)
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Repulsive Lieb- L|n|ger gas

c=1T=1/2

Dynamical
structure

factor at
finite T

M. Panfil and J-SC,
PRA 89 (2014)
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one-dimensional Bose gases

Cold atoms

Observing elementary excitations of correlated

N. Fabbri, M. Panfil, D. Clément, L. Fallani, M. Inguscio, C. Fort and J.-S. Caux

arxiv:1406.2176

Density correlations using Bragg spectroscopy
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Cold atoms

Observing elementary excitations of correlated

one-dimensional Bose gases

N. Fabbri, M. Panfil, D. Clément, L. Fallani, M. Inguscio, C. Fort and J.-S. Caux
arxiv:1406.2176

Intuitive picture of correlations: from ‘quasiparticles’

weak Interactions strong Interactions
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Heisenberg spin chain
S(k,w), A=1, h=0




Investigating spin chains
using neutrons

t




Investigating spin chains
using neutrons

Effective particles: spinons



Quantum spin chains

Correlations, experiments (INS, RIXS), prefactors, ...
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Walters, Perring, Caux, Savici, Gu,
Lee, Ku, Zaliznyak,
NATURE PHYSICS 2009
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Lake, Tennant, Caux, Barthel,

Schollwock, Nagler, Frost, PRL 2013

SrZCuO3

(RIXS)

Schlappa, Wohlfeld, Zho, Mourigal,
Haverkort, Strocov, Hozoi, Monney,

Nishimoto, Singh, Revcolevschi,
Caux, Patthey Rgnnow, van den
Brink, Schmitt,
NATURE 2012
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Counting fractional spinon excitations in the quantum Heisenberg

antiferromagnetic chain

Martin Mourigal,’>>3-* Mechthild Enderle,! Axel Klopperpieper,?

Jean-Sébastien Caux,”> Anne Stunault,! and Henrik M. Rgnnow?

(Nature Physics 2013)
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Roger Hiorns, Seizure



Multi-spinon processes: intuitive picture

a  Fully polarized state
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S(Q) (per Cu,)

Experimental
data is accurate

enough to

discriminate

between:

- Muller ansatz (off)

- BA: 2 + 4 spinons (on!)

Frequency-integrated:
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sr™! per Cu?")

S(k,w) (mbarn meV ™

KCu%

Lake, Tennant, Caux, Barthel, Schollwock,

Nagler, Frost PRL 2013

Bethe Ansatz all spinon
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Babujan-Takhtajan spin-1 chain

N
H=J> [S;-Sjt1—(S; Sj41) — H.5;]

j=1

R.P. Vlijm and J.-S. C,, JSTAT 2014

@ Ground state: correlated ;
gas of 2-strings

@ String deformations: o
must be taken into account

@ Correlations: skewed to
higher energies
(as compared to S=1/2)




Out-of-
equilibrium
dynamics
from
integrability




The simple pendulum on its head
A—\A

1 Pyotr L. Kapitsa

(8/7/1894-8/4/1984)
Kapitsa pendulum, 1951



1he Kaplitza pendulum
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Out-of-equilibrium using integrability

It's possible to treat some situations using BA

Highly excited @ The super Tonks-Girardeau gas
initial (eigen)states: | @ Split Fermi sea in Lieb-Liniger

@ Interaction quench in Richardson
@ Domain wall release in Heisenberg
@ Geometric quench

@ Interaction turnoff in Lieb-Liniger
@ Release of trapped Lieb-Liniger

@ BEC to Lieb-Liniger quench
@ Neéel to XXZ quench

Quenched
states:

-
-
-
"

. VAR A

Driven systems: '[Q Spin echo in quantum dots

J




Driven systems:

Dynamics in
quantum dots




Central spin model for quantum dot

R. van den Berg et al., arxiv:1407.6503
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e e N Nearby spins: full
amE SREE hyperfine interaction
» ' (couplings ~ el. wavefn)

/ Dt ® bath, mean-field dynamics
| (Ornstein-Uhlenbeck)

Hine = B.S§ + > A; So- I V(t) = B(t)S?

A= 2t = e |- (B(t)B(0)) = b2 exp(—Rt)



Usual spin echo sequence w,/2 — 7 —7, — 7 —m,/2

* here focus on| 7 — m, — 7 | and assume ideal pulses

Time evolution: 2nd-order Suzuki- Trotter decomposition

U(t,t +dt) =~ U® = =% Hin o —idtV (t45") o =i % Hine

Simulate two types of initial states:

Neel bath: | [t0) = % () + ] ) ® | T ..
Random bath: | [¥0) = \/2]1\,+1 (1) + | 1) @1y (] 1) + ¢in | )




pin echo simulations
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Quantum
quenches



Quenches
(more generally:‘prepare and release’)

The problem: considering a generic initial state,
what is the time evolution of the system!?

@ Hamiltonian driving time evolution
() = e (= 0))

S

initial state is NOT eigenstate of H

Observable expectation ~ ... (U(1)|O|¥(?))
.01 =
values depend on time: (U ()| T (¢))



First question: what is the steady
state long after the quench?

Fundamental issue: does the system relax? thermalize!

Crucial point: time evolution in the presence of
myriads of constraints (due to integrability) is special

Conjecture: steady state is described by a
generalized Gibbs ensemble (GGE)

L Tr{Oe™ 2n Fn@n}
tliglo O(t) = (O)gar = Tr{e~ 2n Bn@n)

Rigol, Dunjko, Yurovsky, Olshanii, PRL 2007 see also Jaynes, Phys. Rev. 1957



GGE implementation

Generalized inverse temperatures to be set using
the initial conditions on conserved charges

A

<Qm> :Tr{Qme_Znﬁ’”QAn}/ZGGE m:()71727°-°

where Zacr = lre™ > BnQn

In reality, two major difficulties:
¢ Conserved charges are generically nontrivial
¢ Self-consistency problem difficult to solve

In practice: implementable for free theories only
(charges: momentum occupation modes)

For interacting cases: hot understood in general.



Quantum quenches:

BEC to repulsive
Lieb-Liniger
quench




Interacting Bose gas (Lieb-Liniger)

N

Hy = — F2¢ Y S(xj — )

)= 1 1<y<I<N

Exact eigenstates from Bethe Ansatz:

N
U (x|A)=Fy Y  Ap(x|A) ] e
PeSy 1=1
N 16
[ [Ls ke (A = Ar) y
A 12
‘N
\/N! F-j>k:1 ((Aj = Ak)? +¢?) 10
E




Quench from BEC to repulsive gas

1 N
Start from GS of |\ _ (o) 10

noninteracting theory, ~ VLNN!

Turn repulsive interactions on from t=0 onwards:

\_ J

particles ‘repel away’ from each other,
system heats up, momentum distribution broadens, ...



This is a difficult problem to treat...

|) Generalized Gibbs ensemble logic
Kormos, Shashi, Chou and Imambekov, arxiv:1204.3889

Conserved charges:

Qn:  Qul{AIn) = Qul{\}n) ({1 ZA”

Davies 1990; Dawes and Korepln

» GGE inapplicable, charges take infinite values!

J-S C + ]. Mossel, unpublished

2) GGE on lattice, g-deformed model

> Works, partial results only (using a few charges)
Kormos, Shashi, Chou, |SC, Imambekov, PRA 2014



The ‘quench action’ approach

J-SC & FH.L. Essler, PRL 2013

in pictures...

HO Initial state:

[

in post-quench
Hilbert space basis

in pre-quench
Hilbert space basis



The ‘quench action’ approach

J-SC & FH.L. Essler, PRL 2013

Quench action landscape:
5qlp) determined by overlaps & entropy

Vafiafional approach, implemented by a

‘Generalized thermodynamic Bethe Ansatz’

J. Mossel and |-SC, JPA 2012;]-SC & R. Konik, PRL 2012,
see also Fioretto & Mussardo NJP 2010, Pozsgay |STAT 201 |



The ‘quench action’ approach

J-SC & FH.L. Essler, PRL 2013

Saddle-point state: O
S P 5P
elp) determines steady state

H

States around saddle-point:
determine relaxation
towards steady state



The ‘quench action’ approach
now in equat,‘ons“. J-SC & FH.L. Essler, PRL 2013

Consider a generic integrable model, with
eigenstates labeled by quantum numbers {7}

Resolution of identity: 1= |[{I})({I}]
{1}

Arbitrary initial state can be decomposed in this basis:

W(t=0) =Y e W|{I})
11}

using overlap coefficients | S7), = —In({I}|¥(t =0)) € C




Time dependence:
trivially written as

W(t)) =Y e STt (1Y)
11}

The expectation values we're interested in then become

—(S7 1 ) =S Hi(wy iy —wirry )t .
O(t) = Sy Sgmypeon) THm e ety iol )

_ W
S € 2RSY,,

Intractable in general: double Hilbert space sum

Need to develop tools to evaluate this...




Start by looking at wavefunction normalization:

(D)W (1) =Y e 2
11}
In Th.Lim., would like to use the usual functional integral

lim (...):/Dp eS ()

Th
1}

Including the effective | 1im(W(¢)| T (¢)) = /Dp o= 5%l
overlaps yields .

with ‘quench action” | S[p] = S°[p] = S* ¥ [p]

05%|p]
510 Psp

Saddle-point

. — ()
evaluation:

Psp :  such that

» ‘Generalized thermodynamic Bethe Ansatz’



For operator expectation values, we had

211y 2.{17) e~ i) St e ean)t i o1
Z{I} —28%5}[1’1}

O(t) =

Considering operators which are ‘weak’
(creating a non-entropically large nr of excitations
when acting on a given state): thermodyn limit is

[ Dpe=571 limyy, Z{e} e~ 95(erlPl—iwier 0]t ( 51 O] p: {e}

lim O(t) =
i /i 7%

/4

. denumerable set
relative overlaps

of excitations



For operators with non-entropically large matrix
elements, can perform a saddle-point evaluation
(same saddle-point in numerator and denominator)

_ 1 |
lim O(t) = lim - [6‘5‘9 erlperl=twier loarlt (p 1O pops {€])
(e}

+6—5Sfe}[psp]+iw{e}[psp]t<psp; {e}\O\,OSp>}

Main message: the *full* time dependence is
recoverable using a minimal amount of data

® saddle-point distribution (from GTBA)
® excitations in vicinity of sp state (easy)

o differential overlaps
® selected matrix elements



For operators with non-entropically large matrix
elements, can perform a saddle-point evaluation
(same saddle-point in numerator and denominator)

_ 1 |
lim O(t) = lim - [6‘55 erlperl=twier loarlt (p 1O pops {€])
(e}

e SSia b b (6}]Olpyy)

Main message: the *full* time dependence is
recoverable using a minimal amount of data

Large time limit: lim 1’_%%1 O(t) = l%rlgl<psp|0\psp>

Single representative state is sufficient to calculate

properties of steady state! (think of ETH) Cassidy Rigol
PRL 2009



Back to BEC-LL quench

Problem: need to calculate overlaps.

Remark: only parity-invariant states contribute since

0 = (0|Qam1|I) = (0|1 ZAQ”’LH

KI"\OWI‘] Ial"ge C ||m|t Gritsev, Rostunov & Demler, JSTAT 2010
N/2 N/2
L (- A}/mocH—
A; >0

Possible for generic interaction!?



Back to BEC-LL quench

Explicit result: ). De Nardis, B.Wouters, M. Brockmann & |-SC, PRA 89,2014
M. Brockmann JPA 2014

N/2
(O (220 = | LR O £ ng
det] k=1 ij ‘Zﬁ 1
(reminiscent of Gaudin formula)

N/2
with matrix ~ G%, = 5jk(L +3 K@(zj,zl)) ~ K9l Iy)

I=1

2¢

K9\ p) =K\ = p) + KA+ p) K(\) =

A2 + 2



Quench action approach
to BEC-LL quench

J. De Nardis, B.Wouters, M. Brockmann & J-SC, PRA 89,2014

We are now in position to apply the quench action logic!

Need thermodynamic limit form of overlaps:

. L c
1%1}{10\, —\|0) = exp (—an (log s 1))
(L [ PXOCEER AN \
X exp ¢ —5/ dAp(A)log | — ( | > + O(L) ¢
0 c

2
\ & 4 i /

Quench action now defined, saddle-point solution via
generalized thermodynamic Bethe ansatz



Quench action solution
to BEC-LL quench

J. De Nardis, B.Wouters, M. Brockmann & J-SC, PRA 89,2014

It is in fact possible to give a closed form solution of
the GTBA for the saddle-point state,
for any value of the interaction:




Quench action solution to BEC-LL quench

J. De Nardis, B.Wouters, M. Brockmann & J-SC, PRA 89,2014

0.4 +

Subplot: scaled fn
ps(z) = /p(ey/ve/2)/2

3

SO O m®
oS
o0

0.3 F

RSN N R

Large c:

1 4n?
=
p(A) 21 A2 4+ 4n?

psp(A)

Small ¢c: semicircle

Asymptotics as from g-bosons: 2mp(\) ~ -+ ——F5—+ ..

Tail explains divergences of evalues of conserved charges



Quantum quenches:

Neel to XXZ
quench




Quench from Neel to XXZ

Start from Neel state:

From t=0 onwards, evolve with XXZ Hamiltonian

N
H=)  [J(S7551+5]8],1+A857,1)~ H.5]

J=1

Can one treat this problem exactly?



“Particle content” of XXZ: nontrivial

Solution of Bethe equations: rapidities + strings

O ® @
@ “—‘T.-H o0 0 @
® Q. Single particle
O (bound state of magnons)

. . . —(cst)N
M- :Agﬂg(nﬁl—za)ﬂ(sg%o(e )

Classification of strings: Bethe, Takahashi, Suzuki, ...



Quench action approach
to Neel-XXZ quench

First step: exact overlaps
of Neel state with XXZ eigenstates

Tsuchiya JMP1998; Kozlowski & Pozsgay JSTAT 2012; Pozsgay arxiv 2013
M. Brockmann, J. De Nardis, B.Wouters & J-SC |PA 2014

. _ . o ’
(Gaudin-like form again’) See also talk of M. Brockmann

(Wol{EA,; }M/2> B [k Vitan(A; +in/2) tan()\, 277/2) detM/Z(Gj_k)
I{£A,; }M/2H = V2 H 28in(2\;) _ \ detM/Q(G-—k)

g=1

M2
G = dji (NKW()\J') - > K;()‘jﬁ)‘l)) + K (A, Ak)
=1

sinh(2n)
sin(A + ) sin(A — in)

Kni()‘nu) = Ky(A — p) £ Kp(A+ ) Ky () =




Quench action approach
to Neel-XXZ quench

Second step: generalized TBA

B.Wouters, |. De Nardis, M. Brockmann, D. Fioretto, M.Rigol & |J-SC, PRL 2014

Inn,(A\) =—-2hn—InW,(\) + Z A * 10 (14 1,,1) (A)

m=1

1 SIN 17

where M (A) = pn,p(A)/pr(N) an(\) = =

m coshnn — cos 2\

and the effective driving terms (pseudo-energies) are

( cosh(2j—1)n—cos 2\

1 cosh nm—cos 2\ HTLT_l 2 £ 1 odd
2n+15in? 2\ cosh nn+cos2\ L13=1 \ (cosh(25—1)n+cos2A)(cosh 4nj—cos4N\) )
wo\) =4 ) | )
tan® A cosh nn—cos 2\ 1 ) cosh 29n—cos 2\ i f
2™ coshnn+cos 2\ 5 Hj:l cosh 2j1—+cos 2\ 1I 1 evell.
[T2,(cosh2(2j—1)n—cos 4X)?

J:

# Solution of this GTBA gives steady-state
(analytically! See M. Brockmann’s talk)



Quench action approach
to Neel-XXZ quench

Equivalent form of generalized TBA:

In(ny) = dp + s* [In(1+np—1) + In(1 + 7ppq))

with driving terms d,,(\) = Ze‘%’“\tam;(nk) (=)™ = (=1)")
keZ

GGE with local charges: same form of coupled

equations, but driving term only for n=1:
k.2m—2

T r Z B2 Z o cosh kn

keZ
unknown




Neel-XXZ quench:
conserved charges

Initial expectation value of local charges:  Fagowi&Essler JsTAT 2013
1 A 9nt 1 — A?

lim —(Néel|Q),,11|Néel) =
N — o0 N< @t > 2 92"~ cosh[v/1 — A2x] — A2| _,

In |-to-| correspondence with |-string hole density:
B.Wouters, J. De Nardis, M. Brockmann, D. Fioretto, M. Rigol & J-SC, PRL 2014

—|kln _ b (k)
ka—Q(e P1 ) — (Qor
é 2 cosh kn (@om) m €N

m2a3(\) sin®(2))
m2a2(\) sin?(2\) + cosh®(n)

which fixes [p1n (A) =

Quench action nontrivially reproduces this;
GGE also of course, but only by definition



The steady state: Neel to XXZ

i (M) py” (M)

Solid lines: 0.8 \ Ac1a I (b)
. A=15 —— 5 4 0.015
quench action A—o
0.6 | ﬁ:i@ ) 0.010
Dashed lines: \ -
GGE (local charges) o4 =
0
0.2 +
QA and GGE have 5 0.004
different saddle-point O 10,
densities 0

Large Delta expansion:




Difference in distribution:
impact on correlations

1 | <O-fl0-§> | | | <O_fo_§> | |
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eXpansions. (ofos)aor =1+ 5~ gaa t gas T



Not convinced!?

Look at other results by Budapest group

B. Pozsgay, M. Mestyan, M. A.Werner, M. Kormos, G. Zarand, G.Takacs, arxiv 1405.2843

® reobtain our Néel results

® also consider initial dimer state

® obtain numerical (iTEBD) evidence for
correlations being different in dimer case

There remains little doubt about the
correctness of the quench action results

See also recent results by G. Goldstein & N.Andrei


http://arxiv.org/find/cond-mat/1/au:+Pozsgay_B/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Mestyan_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Werner_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Kormos_M/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Zarand_G/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Takacs_G/0/1/0/all/0/1

What’s going on?

Neel to XXZ: current situation

¢ guench action solution gives correct expectation value for
all conserved charges, directly from microscopics

¢ quench action and (local) GGE steady state distributions do
not coincide

¢ these different distributions lead to different observable
expectation values

Possible explanations of this mismatch:

@ GGE converges to QA once all (nonlocal*) charges are added
¢ exceptional states invalidate the QA calculation ruled out

* of which there are exponentially many more than local ones!



Summary & perspectives

@ Integrability for dynamics

¢ prototypical strong correlations under control

¢ detailed experimental correspondence in spin chains

¢ ...and now also in cold atomic Bose gases

¢ useful tests and lessons for field theory/numerical methods

@ Quench action logic

¢ new approach to out-of-equilibrium problems

@ gives access to full time evolution with minimal data
@ BEC to LL: exact solution (inaccessible to GGE)

¢ Néel to XXZ: exact solution

¢ GGE with local charges gives different steady state!




