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�non-unitarity� phenomena

"Non-unitarity" phenomena in 2d statisti
al models su
h as

per
olation where one is interested in non-lo
al type of observables �

hulls of per
olation 
lusters
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"Non-unitarity" phenomena in 2d statisti
al models su
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per
olation where one is interested in non-lo
al type of observables �

hulls of per
olation 
lusters

Non-unitary SUSY spin 
hains as a lo
al and managable model �

periodi
 sℓ(2|1) spin 
hains for per
olation with periodi
 b.
.

Logarithmi
 CFT as the 
ontinuum limit and a tool to study these

phenomena
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2d 
riti
al per
olation with periodi
 b.
.

Edges on a latti
e are open with probability p and 
losed with 1− p.

At 
riti
ality

o

upied and empty edges o

ur with probability p = 1

2
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2d 
riti
al per
olation with periodi
 b.
.

Edges on a latti
e are open with probability p and 
losed with 1− p.

At 
riti
ality

o

upied and empty edges o

ur with probability p = 1

2

−→ in loop formulation (there is a one to one 
orresponden
e between

loops and 
lusters), all loop 
on�gurations are equiprobable and that the

loops must all be 
ounted with a fuga
ity equal to one!
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Non-lo
al observables

The multi hulls operators Ok have a natural interpretation in terms of k

loops joining two points

x

y

We are looking at quantities like multipoint 
orrelators

〈
Ok(~r1)Ok(~r2)

〉
, . . .

of initially non-lo
al observables, for whi
h 
riti
al exponents known:

hk = h̄k = 4k2−1
24

Duplantier�Saleur, 1987
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Non-lo
al observables but lo
al formulation

b

b b b

b b

b

b b

b

The idea is to 
onsider the loops as Feynman diagrams expressing


ontra
tion of what is going to be supergroup variables.
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Non-lo
al observables but lo
al formulation

b

b b b

b b

b

b b

b

Statisti
s: odd edges 
arry � rep of sℓ(2|1), and even ones are �̄

−→ the fuga
ity of the loops is then the number of bosoni
 minus

the number of fermioni
 degrees of freedom.
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The transfer matrix then a
ts on the graded tensor produ
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onsisting of fundamental and 
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Non-lo
al observables but lo
al formulation

b

b b b

b b

b

b b

b

Statisti
s: odd edges 
arry � rep of sℓ(2|1), and even ones are �̄

−→ the fuga
ity of the loops is then the number of bosoni
 minus

the number of fermioni
 degrees of freedom.

The idea is that verti
es of the latti
e represent intera
tions �

non-positive de�nite Boltzmann weights 1 and (−1)|c |.

The transfer matrix then a
ts on the graded tensor produ
t

H = �⊗ �̄⊗�⊗ �̄⊗ . . .⊗�⊗ �̄


onsisting of fundamental and 
onjugate reps of sℓ(2|1).

The elementary nearest-neighbor intera
tion at (i , i + 1) 
orresponds

to the a
tion of a Temperley�Lieb algebra generator ei .
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(periodi
) TL algebra

The periodi
 Temperley�Lieb algebra T̂ Lq,N is an ∞-dim algebra

generated by 1 and ei with 1 ≤ i ≤ N (i.e. + one extra generator, eN)

[ei , ej ] = 0 (|i − j | ≥ 2)

e2i = (q + q−1)ei

eiei±1

ei = ei

and indi
es i interpreted modulo N, and set q = e iπ/β, with β ∈ R
∗
.
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(periodi
) TL algebra

The periodi
 Temperley�Lieb algebra T̂ Lq,N is an ∞-dim algebra

generated by 1 and ei with 1 ≤ i ≤ N (i.e. + one extra generator, eN)

[ei , ej ] = 0 (|i − j | ≥ 2)

e2i = (q + q−1)ei

eiei±1

ei = ei

and indi
es i interpreted modulo N, and set q = e iπ/β, with β ∈ R
∗
.

• It is a quotient of the (a�ne) He
ke algebra of type ÂN−1.

T̂ Lq,N a
tion on H = �⊗ �̄⊗�⊗ . . .⊗�⊗ �̄

by proje
tions onto the sℓ(2|1) singlet C in the tensor produ
t

�⊗ �̄ = Ad⊕ C

� the Heisenberg like intera
tion on H.
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(periodi
) TL algebra

The periodi
 Temperley�Lieb algebra T̂ Lq,N is an ∞-dim algebra

generated by 1 and ei with 1 ≤ i ≤ N (i.e. + one extra generator, eN)

[ei , ej ] = 0 (|i − j | ≥ 2)

e2i = (q + q−1)ei

eiei±1

ei = ei

and indi
es i interpreted modulo N, and set q = e iπ/β, with β ∈ R
∗
.

• It is a quotient of the (a�ne) He
ke algebra of type ÂN−1.

The Hamiltonian H = −
∑

i ei of our model is just parti
ular element

of T̂ Lq,N with q = e iπ/3 (fuga
ity one)
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(periodi
) TL algebra

The periodi
 Temperley�Lieb algebra T̂ Lq,N is an ∞-dim algebra

generated by 1 and ei with 1 ≤ i ≤ N (i.e. + one extra generator, eN)

[ei , ej ] = 0 (|i − j | ≥ 2)

e2i = (q + q−1)ei

eiei±1

ei = ei

and indi
es i interpreted modulo N, and set q = e iπ/β, with β ∈ R
∗
.

• It is a quotient of the (a�ne) He
ke algebra of type ÂN−1.

The Hamiltonian H = −
∑

i ei of our model is just parti
ular element

of T̂ Lq,N with q = e iπ/3 (fuga
ity one)

But the algebra has more operators � ex
itation operators. We 
all

this type of algebra the dynami
al symmetry of the model
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CFT and Virasoro algebra

On the 
ontinuum or CFT side, we have the dynami
al symmetry given by
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CFT and Virasoro algebra

On the 
ontinuum or CFT side, we have the dynami
al symmetry given by

the Virasoro algebra

∞-dim Lie algebra Virβ generated by Ln's with n ∈ Z and satisfying

[Lm,Ln] = (m − n)Lm+n +
c

12

(m3 −m)δm+n,0

where the 
entral 
harge c parametrized as

c = c(β) = 1 −
6(1 − β)2

β
, β ∈ R

∗
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Fields and Virasoro representations

The energy-momentum tensor of CFT has Ln's as its Fourier modes!
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CFT and Virasoro algebra

On the 
ontinuum or CFT side, we have the dynami
al symmetry given by

the Virasoro algebra

∞-dim Lie algebra Virβ generated by Ln's with n ∈ Z and satisfying

[Lm,Ln] = (m − n)Lm+n +
c

12

(m3 −m)δm+n,0

where the 
entral 
harge c parametrized as

c = c(β) = 1 −
6(1 − β)2

β
, β ∈ R

∗

Fields and Virasoro representations

The energy-momentum tensor of CFT has Ln's as its Fourier modes!

Quantum �elds are grouped into appropriate 
hiral-anti
hiral Virasoro

representations.
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CFT and Virasoro algebra

On the 
ontinuum or CFT side, we have the dynami
al symmetry given by

the Virasoro algebra

∞-dim Lie algebra Virβ generated by Ln's with n ∈ Z and satisfying

[Lm,Ln] = (m − n)Lm+n +
c

12

(m3 −m)δm+n,0

where the 
entral 
harge c parametrized as

c = c(β) = 1 −
6(1 − β)2

β
, β ∈ R

∗

TL vs Vir (important part)

Latti
e dynami
al symmetries (e.g. Temperley�Lieb algebras with the

fuga
ity n = 2 
osβ) go in the 
ontinuum limit N → ∞ to CFT's

dynami
al symmetries, i.e., to the Virasoro algebra!
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Latti
e vs Continuum

• TL algebra gives a regularization of the energy-momentum tensor

T (z) =
∑

n∈Z

Lnz
−n−2

and its Fourier modes Ln are obtained in the 
ontinuum limit
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Latti
e vs Continuum

• TL algebra gives a regularization of the energy-momentum tensor

T (z) =
∑

n∈Z

Lnz
−n−2

and its Fourier modes Ln are obtained in the 
ontinuum limit from the

latti
e Hamiltonian densities ej (generators of TL algebra)

H(n) =

N∑

j=1

exp

(

iπ
nj

N

)

ej
N→∞

−−−−→ Ln + L̄−n,

P(n) =

N−1∑

j=1

exp

(

iπ
nj

N

)

[ej , ej+1

]
N→∞

−−−−→ Ln − L̄−n

In parti
ular, the Hamiltonian H → L
0

+ L̄
0

and the momentum

P → L
0

− L̄
0

, but we 
an also see the ex
itations operators Ln and L̄n's!
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Latti
e vs Continuum

• TL algebra gives a regularization of the energy-momentum tensor

T (z) =
∑

n∈Z

Lnz
−n−2

and its Fourier modes Ln are obtained in the 
ontinuum limit from the

latti
e Hamiltonian densities ej (generators of TL algebra)

H(n) =

N∑

j=1

exp

(

iπ
nj

N

)

ej
N→∞

−−−−→ Ln + L̄−n,

P(n) =

N−1∑

j=1

exp

(

iπ
nj

N

)

[ej , ej+1

]
N→∞

−−−−→ Ln − L̄−n

In the limit N → ∞ the 
ommutators of H(n) and P(n)'s give the


ommutation relations of the Virasoro algebra. Koo�Saleur, 1994,

G�Read�Saleur, 2011-12
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What kind of problems on a �nite latti
e?
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Spin 
hain de
omposition wrt the dynami
al symmetry algebra �

periodi
 TL a
tion
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hain de
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periodi
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ture of (inde
omposable) modules or 
omponents of the spin


hain � how the ex
itation operators H(n) and P(n) a
t.
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What kind of problems on a �nite latti
e?

Spe
trum of H

Jordan 
ells for H

Spin 
hain de
omposition wrt the dynami
al symmetry algebra �

periodi
 TL a
tion

Stru
ture of (inde
omposable) modules or 
omponents of the spin


hain � how the ex
itation operators H(n) and P(n) a
t.

Tools

Representation theoreti
 analysis (representation theory of a�ne TL at

roots of unity, stru
ture of standard modules, tilting and proje
tive

modules, quasi-hereditary and 
ellular algebras, et
.)

Integrability
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The sℓ(2|1) spin 
hain HN de
omposition arXiv:1409.0167

The spin 
hain is self-dual as a T̂ Lq,N -module (admits symmetri


non-degenerate bilinear form, with self-adjoint generators ei 's)
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The sℓ(2|1) spin 
hain HN de
omposition arXiv:1409.0167

The spin 
hain is self-dual as a T̂ Lq,N -module (admits symmetri


non-degenerate bilinear form, with self-adjoint generators ei 's)

and on N sites de
omposes

HN =
⊕

[Tilting modules] =
⊕

(j ,P)

nj ,P × Tj ,P

onto a spe
ial kind of inde
omposable modules

� 
alled tilting modules Tj ,P ;
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The sℓ(2|1) spin 
hain HN de
omposition arXiv:1409.0167

The spin 
hain is self-dual as a T̂ Lq,N -module (admits symmetri


non-degenerate bilinear form, with self-adjoint generators ei 's)

and on N sites de
omposes

HN =
⊕

[Tilting modules] =
⊕

(j ,P)

nj ,P × Tj ,P

onto a spe
ial kind of inde
omposable modules

� 
alled tilting modules Tj ,P ;
in the sum:

integer j = 0, . . . ,N/2 (number of through-lines),

and P is the twist parameter (all j-th roots of unity).
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The sℓ(2|1) spin 
hain HN de
omposition arXiv:1409.0167

The spin 
hain is self-dual as a T̂ Lq,N -module (admits symmetri


non-degenerate bilinear form, with self-adjoint generators ei 's)

and on N sites de
omposes

HN =
⊕

[Tilting modules] =
⊕

(j ,P)

nj ,P × Tj ,P

onto a spe
ial kind of inde
omposable modules

� 
alled tilting modules Tj ,P ;
in the sum:

integer j = 0, . . . ,N/2 (number of through-lines),

and P is the twist parameter (all j-th roots of unity).

The multipli
ities nj ,P 
orrespond to 
ombinations of many

representations of sℓ(2|1). Note: the full symmetry or the 
entralizer

is mu
h bigger than sℓ(2|1).
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The �ladder� stru
ture of the tilting va
uum module

T
0

is a �glueing� of many standard modules for periodi
 TL

T0 =

•
WL1,P1

•
WL2,P2

. . . . . .

•
W

6,q2

•
W

6,q−2

•
W4,1

•
W5,1

•W2,1

•W
0,q2

the periodi
 TL algebra a
ts following the arrows
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The �ladder� stru
ture of the standard modules

Wj ,P at q = e
iπ
3

and [j ,P ] are irredu
ible subquotients

•

[0,q2]

��
❅❅

❅❅
❅❅

��⑦⑦
⑦⑦
⑦⑦

•

[1,1]

�� ''❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖ •

[2,1]

��ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦

•

[3,q2]

�� ''❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖ •

[3,q−2]

��ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦

•

[4,1]

�� ''❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖ •

[5,1]

��ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦

•

[6,q2]

�� ((P
PP

PP
PP

PP
PP

P •

[6,q−2]

��vv♥♥
♥♥
♥♥
♥♥
♥♥
♥♥

. . .

�� ((P
PP

PP
PP

PP
PP

. . .

��vv♥♥
♥♥
♥♥
♥♥
♥♥
♥

•

[ N
2

−1,1]

•

[ N
2

,1]

•

[j,1]

��
•

[j+3,1]

��
•

[j+6,1]

��
•

[j+9,1]

��
. . .

��
•

[ N
2

−3,1]

��
•

[ N
2

,1]
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Standard modules Wj ,P

Periodi
 TL algebra is best understood diagrammati
ally:

by non-
rossing ar
s and through-lines

on a 
ylinder with N dots on its top and bottom

ei = . . .
i i+1

. . .
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Standard modules Wj ,P

Periodi
 TL algebra is best understood diagrammati
ally:

by non-
rossing ar
s and through-lines

on a 
ylinder with N dots on its top and bottom

ei = . . .
i i+1

. . .

The periodi
 TL multipli
ation is just the sta
king of the 
ylindri
 diagrams

of the ei 's and ea
h loop is repla
ed by the �loop fuga
ity� q + q−1.
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Standard modules Wj ,P

Periodi
 TL algebra is best understood diagrammati
ally:

by non-
rossing ar
s and through-lines

on a 
ylinder with N dots on its top and bottom

ei = . . .
i i+1

. . .

The periodi
 TL multipli
ation is just the sta
king of the 
ylindri
 diagrams

of the ei 's and ea
h loop is repla
ed by the �loop fuga
ity� q + q−1.

Link or standard representations Wj ,P

are paramterized by the number of through-lines 2j

and twist P (a point on a unit 
ir
le):

• through-lines 
onne
t the bottom boundary of the 
ylinder with 2j sites

and the top with N sites

• the rest is 
onne
ted by ar
s without 
rossing
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Standard modules Wj ,P

periodi
 TL a
tion on Wj ,P
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Standard modules Wj ,P

periodi
 TL a
tion on Wj ,P

the a
tion of the periodi
 TL algebra is de�ned again by sta
king the


ylindri
al diagrams;
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Standard modules Wj ,P

periodi
 TL a
tion on Wj ,P

the a
tion of the periodi
 TL algebra is de�ned again by sta
king the


ylindri
al diagrams;

whenever the link diagram thus obtained has a number of through

lines less than 2j , the result is zero;
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Standard modules Wj ,P

periodi
 TL a
tion on Wj ,P

the a
tion of the periodi
 TL algebra is de�ned again by sta
king the


ylindri
al diagrams;

whenever the link diagram thus obtained has a number of through

lines less than 2j , the result is zero;

a loop is repla
ed by the fa
tor q + q−1 = 1 in our 
ase;
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al diagrams;

whenever the link diagram thus obtained has a number of through

lines less than 2j , the result is zero;

a loop is repla
ed by the fa
tor q + q−1 = 1 in our 
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whenever 2j through-lines wind 
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kwise/
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the annulus 1 time, we unwind them at the pri
e of a fa
tor P±j
.
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Standard modules Wj ,P

periodi
 TL a
tion on Wj ,P

the a
tion of the periodi
 TL algebra is de�ned again by sta
king the


ylindri
al diagrams;

whenever the link diagram thus obtained has a number of through

lines less than 2j , the result is zero;

a loop is repla
ed by the fa
tor q + q−1 = 1 in our 
ase;

whenever 2j through-lines wind 
ounter
lo
kwise/
lo
kwise around

the annulus 1 time, we unwind them at the pri
e of a fa
tor P±j
.

This a
tion gives rise to a generi
ally irredu
ible module, whi
h we denote

by Wj ,P � the standard modules.
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The stru
ture of the tilting va
uum module T
0

(again)

• The stru
ture of the tilting modules in terms of irredu
ibles is more


ompli
ated, and depends on N
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The stru
ture of the tilting va
uum module T
0

(again)

• The stru
ture of the tilting modules in terms of irredu
ibles is more


ompli
ated, and depends on N

• Patterns as N in
reases 
an be easily understood:

• we have a ladder of ladders (next slide)

A 
onsequen
e of the stru
ture of the modules � appearan
e of Jordan

blo
ks of arbitrarily large size for the Hamiltonian as N in
reases.
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The stru
ture of the tilting va
uum module T
0

(again)

• The stru
ture of the tilting modules in terms of irredu
ibles is more


ompli
ated, and depends on N

• Patterns as N in
reases 
an be easily understood:

• we have a ladder of ladders (next slide)

A 
onsequen
e of the stru
ture of the modules � appearan
e of Jordan

blo
ks of arbitrarily large size for the Hamiltonian as N in
reases.

high-rank Jordan blo
ks

For the va
uum module T
0

and states in its irredu
ible subquotients [j ,P ]:

rank ofH ≥

{
2

⌈
j−2
3

⌉
− 1, j mod 3 = 0, P = q±2,

2

⌈
j−2
3

⌉
, j mod 3 = 1 or 2, P = 1.
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�

[9,q−2]

�

[9,q2]

◦[7,1] ◦ [8,1]

◦[9,q−2] ◦[9,q2] •[6,q−2] • [6,q2] ◦[9,q
−2] ◦ [9,q2]

•[8,1] •[7,1] �

[4,1]

•
[2,1]

�

[5,1]

• [7,1] • [8,1]

•[9,q−2] •[9,q2] �[6,q−2] �[6,q2] •[3,q2] ◦[0,q2] •[3,q
−2] � [6,q−2] � [6,q2] •[9,q

−2] • [9,q2]

�[8,1] �[7,1] •[4,1] ◦
[2,1]

• [5,1] � [7,1] � [8,1]

�[9,q−2] �[9,q2] •[6,q−2] • [6,q2] � [9,q−2] � [9,q2]

•
[7,1]

•
[8,1]

•
[9,q−2]

•
[9,q2]
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

Many properties of the sℓ(2|1) spin 
hain 
an be obtained exa
tly, by


ombining

the algebrai
 analysis (representation theory of a�ne TL)

HN =
⊕

(j ,P)

nj ,P × Tj ,P

and ea
h Tj ,P is 
omposed of Wj ,P
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

Many properties of the sℓ(2|1) spin 
hain 
an be obtained exa
tly, by


ombining

the algebrai
 analysis (representation theory of a�ne TL)

HN =
⊕

(j ,P)

nj ,P × Tj ,P

and ea
h Tj ,P is 
omposed of Wj ,P

with the Bethe ansatz of an integrable spin-
hain (twisted XXZ)

where ea
h Wj ,P also appears but as a dire
t summand.
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module


an be obtained using twisted XXZ spin 
hain

H =
1

2

N∑

i=1

(
σx
i σ

x
i+1 + σ

y
i σ

y
i+1 +

q + q
−1

2

σz
i σ

z
i+1

)
+

e

iφ

4

σ+
Nσ

−
1

+
e

−iφ

4

σ−
Nσ

+
1

AM Gainutdinov periodi
 sℓ(2|1) spin 
hain



Conne
tion between sℓ(2|1) spin 
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The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module


an be obtained using twisted XXZ spin 
hain

H =
1

2

N∑

i=1

(
σx
i σ

x
i+1 + σ

y
i σ

y
i+1 +

q + q
−1

2

σz
i σ

z
i+1

)
+

e

iφ

4

σ+
Nσ

−
1

+
e

−iφ

4

σ−
Nσ

+
1

and the Hamiltonian is written in the same form

H =

N∑

i=1

ei
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module


an be obtained using twisted XXZ spin 
hain

H =
1

2

N∑

i=1

(
σx
i σ

x
i+1 + σ

y
i σ

y
i+1 +

q + q
−1

2

σz
i σ

z
i+1

)
+

e

iφ

4

σ+
Nσ

−
1

+
e

−iφ

4

σ−
Nσ

+
1

and the Hamiltonian is written in the same form

H =

N∑

i=1

ei

but the generators of the periodi
 TL are now in the XXZ representation

ei<N =









0 0 0 0

0 q
−1 −1 0

0 −1 q 0

0 0 0 0









, eN =









0 0 0 0

0 q
−1 −e

iφ
0

0 −e

−iφ
q 0

0 0 0 0








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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module


an be obtained using twisted XXZ spin 
hain

H =
1

2

N∑

i=1

(
σx
i σ

x
i+1 + σ

y
i σ

y
i+1 +

q + q
−1

2

σz
i σ

z
i+1

)
+

e

iφ

4

σ+
Nσ

−
1

+
e

−iφ

4

σ−
Nσ

+
1

and the Hamiltonian is written in the same form

H =

N∑

i=1

ei

As a representation of periodi
 TL, the se
tor with the total spin Sz = j is

isomorphi
 to the standard module W|j |,e±iφ , where `+' is for positive j and

`−' is for negative value of j .
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module


an be obtained using twisted XXZ spin 
hain

H =
1

2

N∑

i=1

(
σx
i σ

x
i+1 + σ

y
i σ

y
i+1 +

q + q
−1

2

σz
i σ

z
i+1

)
+

e

iφ

4

σ+
Nσ

−
1

+
e

−iφ

4

σ−
Nσ

+
1

and the Hamiltonian is written in the same form

H =

N∑

i=1

ei

spe
trum equivalen
e

The idea is that there is a spe
trum equivalen
e (for the set of eigenvalues

of H, up to multipli
ities) between these two models

Aufgebauer�Bro
kmann�Nuding�Klümper, 2010
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Conne
tion between sℓ(2|1) spin 
hains and twisted XXZ

The eigenvalues of the Hamiltonian H =
∑

i ei in ea
h standard module


an be obtained using twisted XXZ spin 
hain

H =
1

2

N∑

i=1

(
σx
i σ

x
i+1 + σ

y
i σ

y
i+1 +

q + q
−1

2

σz
i σ

z
i+1

)
+

e

iφ

4

σ+
Nσ

−
1

+
e

−iφ

4

σ−
Nσ

+
1

and the Hamiltonian is written in the same form

H =

N∑

i=1

ei

but

in other aspe
ts (the a
tion of the whole dynami
al symmetry algebra and

thus the stru
ture of modules) the two models are quite di�erent!
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S
aling limit of sℓ(2|1) spin 
hains

For the N → ∞ limit, we are interested in the generating fun
tion Fj ,e2iK of

energy levels for ea
h standard periodi
 TL module Wj ,e2iK
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S
aling limit of sℓ(2|1) spin 
hains

For the N → ∞ limit, we are interested in the generating fun
tion Fj ,e2iK of

energy levels for ea
h standard periodi
 TL module Wj ,e2iK

The generating fun
tion of the energy and momentum spe
tra is related to


onformal spe
tra (for the 
riti
al Hamiltonian at |q| = 1) as

Tr e−βR (H−Ne
0

)e−iβIP N→∞

−−−−→ Tr qL0−c/24q̄L̄0−c/24
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S
aling limit of sℓ(2|1) spin 
hains

For the N → ∞ limit, we are interested in the generating fun
tion Fj ,e2iK of

energy levels for ea
h standard periodi
 TL module Wj ,e2iK

The generating fun
tion of the energy and momentum spe
tra is related to


onformal spe
tra (for the 
riti
al Hamiltonian at |q| = 1) as

Tr e−βR (H−Ne
0

)e−iβIP N→∞

−−−−→ Tr qL0−c/24q̄L̄0−c/24

The s
aling limit of ea
h Sz se
tor and twist e2iK

Fj ,e2iK =
q−c/24q̄−c/24

P(q)P(q̄)

∑

n∈Z

qhn+K/π,−j q̄hn+K/π,j

and

P(q) =

∞∏

n=1

(1 − q
n
)

Pasquier�Saleur, 1990
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S
aling limit of sℓ(2|1) spin 
hains

For the N → ∞ limit, we are interested in the generating fun
tion Fj ,e2iK of

energy levels for ea
h standard periodi
 TL module Wj ,e2iK

The generating fun
tion of the energy and momentum spe
tra is related to


onformal spe
tra (for the 
riti
al Hamiltonian at |q| = 1) as

Tr e−βR (H−Ne
0

)e−iβIP N→∞

−−−−→ Tr qL0−c/24q̄L̄0−c/24

Putting all the ingredients together

Using this information about s
aling properties of Wj ,P and having the

expli
it stru
ture of the tilting modules for periodi
 TL, we obtain expli
it

stru
ture of vir⊕ vir modules in the s
aling limit � bulk LCFT at c = 0
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Results in the s
aling limit

Complete des
ription of the operator 
ontent (in
luding the multi hulls

operators) of our theory. Several important 
on
lusions follow, among

whi
h:
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Results in the s
aling limit

Complete des
ription of the operator 
ontent (in
luding the multi hulls

operators) of our theory. Several important 
on
lusions follow, among

whi
h:

The stru
ture of the va
uum module (below).

The identity �eld o

urs with multipli
ity one, and satis�es all the

properties expe
ted from a well-de�ned va
uum of a bulk �eld theory

� in parti
ular, it is invariant under translations.

AM Gainutdinov periodi
 sℓ(2|1) spin 
hain



Results in the s
aling limit

Complete des
ription of the operator 
ontent (in
luding the multi hulls
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The stru
ture of the va
uum module (below).

The identity �eld o

urs with multipli
ity one, and satis�es all the

properties expe
ted from a well-de�ned va
uum of a bulk �eld theory

� in parti
ular, it is invariant under translations.

There is a Jordan 
ell of rank 2 for the �elds in (0, 2) and (2, 0) � the

stress energy tensor has a single logarithmi
 partner, with the

logarithmi
 
oupling b = −5.
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Results in the s
aling limit

Complete des
ription of the operator 
ontent (in
luding the multi hulls

operators) of our theory. Several important 
on
lusions follow, among

whi
h:

The stru
ture of the va
uum module (below).

The identity �eld o

urs with multipli
ity one, and satis�es all the

properties expe
ted from a well-de�ned va
uum of a bulk �eld theory

� in parti
ular, it is invariant under translations.

There is a Jordan 
ell of rank 2 for the �elds in (0, 2) and (2, 0) � the

stress energy tensor has a single logarithmi
 partner, with the

logarithmi
 
oupling b = −5.

There is a Jordan 
ell of rank 3 for the �eld (2, 2).
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Results in the s
aling limit

Complete des
ription of the operator 
ontent (in
luding the multi hulls

operators) of our theory. Several important 
on
lusions follow, among

whi
h:

The stru
ture of the va
uum module (below).

The identity �eld o

urs with multipli
ity one, and satis�es all the

properties expe
ted from a well-de�ned va
uum of a bulk �eld theory

� in parti
ular, it is invariant under translations.

There is a Jordan 
ell of rank 2 for the �elds in (0, 2) and (2, 0) � the

stress energy tensor has a single logarithmi
 partner, with the

logarithmi
 
oupling b = −5.

There is a Jordan 
ell of rank 3 for the �eld (2, 2).

Jordan 
ells of arbitrarily high rank o

ur in the s
aling limit for large

enough 
onformal weights. These ranks were 
al
ulated in the paper.
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Va
uum module stru
ture for per
olation model in bulk

(periodi
 b.
)

The s
aling limit of the va
uum tilting module gives the stru
ture of the

va
uum module over the 
hiral-anti
hiral Virasoro at c = 0:
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Va
uum module stru
ture for per
olation model in bulk

(periodi
 b.
)

The stru
ture of Hamiltonian's Jordan 
ells!

H =

(
Ej 1

0 Ej

)
L
0

=

(
h
1,j 1

0 h
1,j

)

and the Jordan 
ell in the va
uum module

L
0

=

(
2 1

0 2

)

gives log 's in two point fun
tions

〈T (z)T (0)〉 = 0, 〈T (z)t(0, 0)〉 = −
5

z4
, 〈t(z , z̄)t(0)〉 =

10log |z |2

z4

Vasseur-G-Ja
obsen-Saleur 2012
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So...

Using latti
e regularizations of LCFTs � quantum spin-
hains with

non-diagonalizable Hamiltonian � the representation theory of latti
e

algebras and 
onne
tion with integrable twisted XXZ models,

we explored many problems of the following types:

Stru
ture of inde
omposable modules over vir⊕ vir in bulk (or full)

LCFTs where 
hiral and anti
hiral se
tors are mixed in a highly

non-trivial way.
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 partners does the stress energy tensor have?�,

�how many logarithmi
 partners do the multi-hulls operators Ok have

and what are their two-point 
orrelation fun
tions?�, et
.

Logarithmi
 
ouplings � numbers that des
ribe 
orrelations fun
tions.
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Thank you!
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