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What	
  is	
  the	
  Lieb	
  Liniger	
  gas	
  

•  1	
  dimensional	
  
•  Bosons	
  
•  Hamiltonian	
  

•  “one	
  dimensional	
  bosons	
  with	
  contact	
  
interac+on”	
  

•  Focus	
  on	
  c>0	
  

H = dx ∂xb
+ x( )∂xb x( )+ cb+ x( )b+ x( )b x( )b x( )( )

−L/2

L/2

∫



What	
  do	
  we	
  want	
  to	
  do?	
  

• Compute	
  
	
  
Where	
  
	
  
This	
  leads	
  to	
  correla+on	
  func+ons:	
  	
  

Φ Exp αQxy T( )( ) Ψ
Qxy ≡ b+ z( )b z( )dz

x

y

∫

b+ x( )b x( ) = −
∂
∂α

∂
∂x

Exp αQxy( )
α=0

b+ x( )b x( )b+ y( )b y( ) = −
1
2
∂2

∂α 2
∂2

∂x∂y
Exp αQxy( )

α=0



How	
  are	
  we	
  going	
  to	
  do	
  it?	
  

	
  
1)	
  Compute	
  the	
  eigenstates	
  –	
  Bethe	
  Ansatz	
  
2)	
  Compute	
  the	
  ini+al	
  overlaps	
  –	
  Yudson	
  representa+on	
  
3)	
  Compute	
  matrix	
  elements	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  Algebraic	
  
Bethe	
  ansatz	
  
4)	
  Sum	
  over	
  states	
  –	
  Turns	
  out	
  to	
  be	
  a	
  determinant	
  
	
  	
  

Exp αQxy T( )( ) ≡ Φ eiTHExp αQxy( )e−iTH Ψ =

= Φ
q


k
∑

q
∑ q Exp αQxy( )


k

k Ψ e

i q2−

k 2( )T

q Exp αQxy( )

k



Yudson	
  Representa+on	
  for	
  finite	
  sized	
  
systems	
  

IN =
1

N kn1,....knN( )n1<....<nN

∑ kn1.....knN kn1......knN

Exp ikiL( ) =
ki − kj + ic
ki − kj − icj≠i

∏

IN =
1

N kn1,....knN( )n1....nN

∑ kn1.....knN kn1.....knN(

N k1....kN( ) = det M jk( )

M jk = δ jk L + 2c
c2 + kj − k l( )

2∑
#

$

%
%

&

'

(
(
−

2c
c2 + kj − k k( )

2

Here	
  

Usual	
  

Yudson	
  

N kn1.....knN( ) = kn1.....knN kn1.....knN
kn1.....knN( = eikni xi

i
∏

( = dx1....dxNθ x1 < x2 < ...... < xN( )∫



Simplified	
  final	
  answer	
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GGE	
  Hypothesis	
  -­‐	
  Integrable	
  Models	
  

•  Integrable	
  models	
  have	
  infinite	
  number	
  of	
  
local	
  conserved	
  quan++es	
  Im	
  

•  Lieb	
  Liniger	
  model	
  
•  GGE	
  –	
  Generalized	
  Gibbs	
  Ensemble	
  

Im

k = kmi∑


k

Θ T→∞( ) = Tr ρ̂Θ[ ]

ρ̂ = Z −1Exp − αmIm∑( )

Tr Imρ̂[ ] = Im t = 0( )
Ini+al	
  condi+ons	
  



GGGE	
  Hypothesis	
  –	
  Integrable	
  models	
  

ρGGGE = Z
−1Exp − αm1,m2 ,...

Im1Im2 .....
m1,m2 ....
∑

#

$
%
%

&

'
(
(

Ini+al	
  condi+ons	
  
Tr Im1Im2 .....ρ̂!" #$= Im1Im2 ..... t = 0( )

GGGE	
  equivalent	
  to	
  diagonal	
  ensemble	
  
hypothesis	
  and	
  assump+on:	
  


k Θ


k = c0 + c1 ki +

i
∑ c1,1 kik j

ij
∑ + c2 ki

2

i
∑ +.....

It	
  will	
  turn	
  out	
  

All Im1Im2 .... are relevant



Proof	
  GGGE	
  equivalent	
  to	
  diagonal	
  
ρD = p

λi{ }
λi{ } λi{ }

i
∑

I1 = p
λi{ }

λi{ }
∑ λi

i
∑ , I 21 = p

λi{ }
λi{ }
∑ λiλ j

i, j
∑ , I2 = p

λi{ }
λi{ }
∑ λ 2i

i
∑ .....

Θ = Tr ρDΘ[ ] = c0 + c1 P
λi{ }

λi∑∑ + c1,1 P
λi{ }

λi∑( )∑
2
+ c2 P

λi{ }
λ 2i∑∑ +.... =

= c0 + c1 I1 + c1,1 I
2
1 + c2 I2 +.... = Tr ρGGGEΘ[ ]



GGE	
  vs	
  GGGE	
  

I1 = dxib+ x( )∂xb x( )∫
I2 = dx ∂xb

+∂xb+ cb
+ x( )b+ x( )b x( )b x( )( )∫

I3 = dx b+ x( )∂x3
3 b x( )− 3c

2
b+ x( )( )

2
∂x b x( )( )

2$

%
&

'

(
)∫

I 21 = I1
2

I1I2 = I1 I2
I 31 = I1

3

Then	
  GGGE	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  GGE	
  

ib+ x( )∂xb x( )ib+ y( )b y( ) → ib+ x( )∂xb x( ) ib+ y( )b y( )
x − y →∞

Which	
  is	
  true	
  if:	
  

ρ =
1
T

e
−
H
t

Zt0

T

∫ dt

I 22 =
1
T

Tr H 2 e
−
H
t

Zt

#

$

%
%
%

&

'

(
(
(0

T

∫ dt, I2
2
=
1
T

Tr H e
−
H
t

Zt

#

$

%
%
%

&

'

(
(
(0

T

∫
)

*

+
+
+

,

-

.
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.

2

But	
  its	
  easy	
  to	
  come	
  up	
  with	
  a	
  counter	
  example	
  



GGGE	
  for	
  Lieb	
  Liniger	
  

•  Need	
  only	
  prove	
  diagonal	
  ensemble	
  –	
  every	
  
term	
  	
  

•  Taylor	
  expansion	
  of	
  observables	
  see	
  Algebraic	
  
Bethe	
  ansatz.	
  

∝Exp i qi
2 − ki

2∑∑( )T( )



	
  
	
   Other	
  Applica+ons	
  
Mo]	
  insulator	
  on	
  the	
  
	
  half	
  line	
  

A) Density	
  Tonks	
  
Gas	
  

B) 1/c	
  correc+ons	
  
to	
  density	
  



Does	
  the	
  GGE	
  work	
  for	
  other	
  models?	
  …No	
  
The	
  long	
  +me	
  dynamics	
  of	
  models	
  with	
  bound	
  	
  
states	
  are	
  not	
  controlled	
  by	
  the	
  GGE	
  

( ) ( ) ( )∏ ∏∫
<

+−×=Ψ
ji

j
j

xik
ji

x
ijNN xbekkZdxdxkk jj 0....,... 11

Here	
  k’s	
  are	
  complex	
  numbers	
  	
  
arranged	
  in	
  strings	
  in	
  the	
  complex	
  	
  
plane.	
  Each	
  string	
  is	
  a	
  bound	
  state	
  

The	
  strings	
  are	
  chosen	
  such	
  that	
  	
  

( ) ,021 =−kkS

( )
ick
ickkS

+

−
=

As	
  such	
  the	
  wavefunc+on	
  is	
  
normalisable	
  



Mul+	
  to	
  one	
  mapping	
  
We	
  can	
  introduce	
  	
  
densi+es	
  of	
  string	
  	
  
excita+ons	
  

( )dkkL n
pρ

Number	
  of	
  strings	
  in	
  	
  
the	
  interval	
  [k,k+dk]	
  

Expecta+on	
  values	
  of	
  	
  
all	
  local	
  observables	
  
	
  are	
  determined	
  by	
  	
  
the	
  string	
  densi+es.	
  
A]rac+ve	
  Lieb-­‐Liniger	
  
conserva+on	
  laws	
   ( ) 0

00 0
2

2 i

n

j

li
li

n

i

l

n
l IjnicJ =−⎟

⎠

⎞
⎜
⎝

⎛ ∑∑∑
=

−
−∞

= =
n
p

n
l ofmomentsJ ρ



How	
  to	
  detect	
  a	
  GGE?	
  Universal	
  
correla+ons	
   c =∞

Ini+alize	
  in	
  some	
  	
  
non-­‐equilibrium	
  state	
  

Ψ≡Φ→Φ −itHe
Establish	
  a	
  GGE	
  ager	
  long	
  	
  
+me	
  evolu+on.	
  Measure	
  	
  
correla+on	
  	
  func+ons	
  

ρ x( )ρ 0( )
When	
  Yang	
  Yang	
  entropy	
  is	
  
	
  low	
  get	
  universal	
  results	
  

ρ x( )ρ 0( ) ~ 1
x2



Results	
  

When	
  Yang	
  Yang	
  entropy	
  is	
  low	
  density	
  density	
  correla+ons	
  have	
  3	
  	
  
regions.	
  Complex	
  short	
  distance	
  behavior	
  ,	
  power	
  law	
  	
  	
  	
  	
  	
  	
  	
  
intermediate	
  distance	
  behavior	
  and	
  exponen+al	
  long	
  distance	
  behavior.	
  

2/1 x

The	
  power	
  law	
  region	
  is	
  controlled	
  by	
  the	
  momenta	
  when	
  the	
  
quasipar+cle	
  density	
  has	
  rapid	
  changes.	
  



Deriva+on	
  
The	
  GGE	
  corresponds	
  to	
  an	
  	
  
eigenstate	
  	
   0k

!

( ) ( )
( )

( )kk

p

pt ee
k
kk i

i εα

ρ

ρρ
≡∑=

−

Where	
  

We	
  can	
  calculate	
  

( ) ( ) ( ) 0Im,12 >+= jj sins πε

( ) ( )
( )

( )

2

2

'
0 ∑+=

j

six

s
ex

j

ε
ρρρ

ε

When	
  the	
  Yang	
  Yang	
  entropy	
  is	
  low	
  there	
  are	
  lots	
  of	
  solu+ons	
  to	
  
( ) ( ) ins j πε 12 += Near	
  	
   ( ) 0=nkε then	
  

( ) ( ) ( )( ) 2
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2 'sgn
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Trap	
  Release	
  Mo]	
  Insulator	
  

t!"

Trap%Released%

Φ0 = ϕ x + j ⋅ l( )b+ x( ) 0
−∞

∞

∫
j=−∞

∞

∏

ϕ x( ) = e−x
2 /σ

πσ / 2( )1/4

L dkρp k( ) = In t = 0( )∫

In t = 0( ) = L
l
0 dxϕ * x( )b x( ) In dyϕ y( )b+ y( ) 0∫∫

ρp k( ) =
σ 1/2

π 1/2l
Exp −

k2σ
2

"

#
$

%

&
' ρ x( )ρ 0( ) = ρ2 +

1
4π 2l2

Exp −
x2

σ

"

#
$

%

&
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Conclusions	
  

Future	
  Trends	
  

1) Showed	
  finite	
  sized	
  Yudson	
  formula	
  
2) Presented	
  formulas	
  for	
  correlators	
  for	
  	
  
Lieb	
  Liniger	
  and	
  Tonks	
  Girardeau	
  Gas	
  
3)	
  Used	
  them	
  to	
  prove	
  GGGE	
  and	
  diagonal	
  ensemble	
  
4)	
  Showed	
  failure	
  of	
  GGE	
  for	
  systems	
  with	
  bound	
  states	
  
5)	
  Universality	
  in	
  Tonks	
  quench	
  

1) Field	
  field	
  correlators	
  	
  
2) Two	
  +me	
  correla+on	
  func+ons	
  	
  
3) Imaginary	
  +me	
  formalism	
  	
  
4) Kubo	
  Formula	
  
5) Other	
  in+al	
  states	
  
6) What	
  operators	
  work	
  for	
  systems	
  with	
  bound	
  states?	
  

b+ x( )b y( ) T( )
ρ x,T( )ρ y,T '( )

T→ iτ


