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Recall the inteqrabilily conditions for Yo asymmeine Six-vedex modef :

Lok bt

2 0,W; ! W, W3

Two Qua dncs: A

[:Ba)('l'ﬂ'] M equahon ’Rlz(w)p‘3(wl)Rz3(W'l)=Pzz,(wn) P'SU‘J')RR:(“) a]as o

solubion < ,e),w" all shaie f same AT

There ate o vabus of A whidh ar spcial :
ANA=0 - {Zh:L :[Zwrm'on pcn‘v\f [-Ueb-gdAth—Mal—\ris, Fan-Wy, ...

A=z - cubic rost of uniy E'Pa%umav—sjﬂogahov, 1



Tnput from alaebmic topofogy: considor Hhe wwhiplicahive formal Guoup Law

Xﬂ93== X".‘ﬂ"PX'_’] and its inverse xXey:=

z|d
«<|s

there wt want do teat B og o formal vanable ( "deformaton parameter'),

Considet the fd%wng S-Verfex olegererafions of the asgmmec G-vorex modd:

Vicious Wack
_I_O |+ —I—O l—l-l ‘+0 0+ iaous Wa 2:5

xet O 1 1+ert 3_ A=—‘-B/Z = O
! Oswﬂaﬁ'ng Walkers
_I_ + + +' ‘+a 040- A=-B/a T=0
1 xeai: O :L 1+B X ®1;

Speciol value p=o: Quan-ﬁum eguivanant cohomotogy QH(6r (n,€N))
B=-1: q_uanjrum (?)eqw'l/anhmi U-theow QKy (6r(n,CN))



Vicious Wasket Configuradions N = gl ag chain
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Oscutating (Jalkw Configurations
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Facforial Grofhendlieck palynomials  (— Belhe wave funchion )

Let X be a portition wi. of most n parts anol T, Hhe paver set of [l:= {1, n}.
DEF [Buch] A sef- valued %aé@ea,u. o_f ,ghqloe )\ s a map T: )\——-‘»’]R‘ auch. that

max T(x,4)% min T(z54) anol max Tl )< min TG, 4)
(Ncakﬁg incasing tn rmos) (&I-hol-% Worcasing o columns)
ExaveLe | 1,2 (2,5 A=(2,1,0,0,0) _
| | n=5 ﬁ2+2+ l %X, @"-'q)(&etz)(xz$t3)(§@t6)(xf 'Iiz)

3

DEF CBuchI[McNaara] The factonal Grothendieck polynomios s the weigbrteal. sum

IT]- l)\l
G (x14) = Z g T TT %@t
rET(lqa)

N.B. there exist a@so delerminant formulae [Tkeda,Narusel | t;=0 [Moteqi, Sakail



I 2 N
“Define. the momodromy mahx M= Ly L= i = (é:]g)
and (row) Yang-Baxler atgebra Jor both moddls in he usual mannet

Lot R be the ring of ralionag Junchons wn @ with, inleger coefcionts and. regudar
ot B=0-1. Set|V= R, WOV |with V=2 02y, and oefine
the sfandardl  basis \ 1] ©

VA= V,@V, @ 8V,8V,

-
1

| Young diagram

Toeorem (i) Co)~Clm V3= G, (x16t) V,@v,®-8V, ° B
B&) ~Blxg) V\= ‘g,\. (XIt') veve-eV for each ;[ X \ \A*:()\V)'
{
.. ] TF(X) | [
(i) Bex)-Bx)od )\Zk“)‘%)v(xlei Tty kT

Tr(x) = Tr( 1+Bx:) ele.

t=!
Cox)-Cx) INS= 2. Gpx (XIE) TGO (£3x) vy, ot
reCk™ i~ “Ntl-L



EXAMPLES

(i) A'—' 2,1 A=2ll
N=tk n=2 gzl i g’, _1
( g,at.)(g.et,)(g‘ekl)(liﬁgzefg) otl(y,0et)(y6t)
112 1 [2]
pa 2
(ii) N=5) k=3
| 2 5
, L
I 12,3
2 2’3
3 —

A= 2 (X0t )0, )01+ Bx,@t, )1+ B Xgoty)



The Bethe Ansatz Define H=A+qD and £=A'+qD

TueoreM (i) Lot [Y>=B(Y)-Bly)lod Then
( osr.«@a&ingI walkers)

N
T (xet;) + ¢l T LHBX n

H(x)]g)= g 9r.-.l +pyi ly> and. E(X)’9>= '.l:r(xq;g.b) "é>
(Xay:)(xeY,) - (xeyn) izl

provided Hhat J_T"rﬂ(gietj)»fq(-n"rr{,’jg—gi-o ¥ ihtn

(i) The Bethe onsofz is complete amd the sofutions Rave the expansion

h)

y; = =1; + qr(l) ey Tr{;et_, + 009"

T(t }.) J¥tL

ln parkouﬁar, g,_-& Zl[q_]]@'R(-{;”...,tN)



Funchenal relation

( "HamilHonian"
Trop H(x)E(ox)= (Tl'f ex)(Tzl-xe-t ) (1+@H,) +q- 1
i=h4
't A -~ no+a(l€oweal.
gy - S gy oo s
¢| 1+ S'l: "
add a-l-mos-(-onebox
in each row & @Pumn

Define tuiger Hamiltonians” by Sefﬁ'n& (in each Prxed spin sechot )
R R-F n n
H(X)= ’_Z (H}-"'B'Hrﬂ) :_[Il xetN-H—i.) E(x)= Zo(Er+ﬁEr+1)£ X@fd
whote L,=H,=1 amd H,=0 fA 1>k E,=0 Pi +>n.

OBSERVATION The funchonal relafion implies pynomiod egms in {é’,.}){H,} /




Sttving the Bethe ansate cquations
Considet the (abstvact) polynomial algeor. Govomfed by {e,}';,ufﬁ,}i,
ot R(t,3) module Hhe 1clatims impled by the fanchonat rlation
gh;, = REQLECn by Rl /y punchonat retation
Tom  The map dofined by €+>E, and A, > H, s
4 Mg asommpAism g@.’; = A, C End (V) otoe o
is the subalyobra dpwrated by £E,.3§H.3 ("Bothe atgebra)

What hare ax gained 2 Heo does tus conshude a "selution ?
(D Nole that e 8, act by mubhplicabon dn QQ: ( "eigonvatunof &. 1)
@ Need fo Pind. @ basis {?’\Zk o an gﬁ: amd s shucture consturts

9195 =2 Cit9) gy

v



Reformmbbfion of the Belhe ansarz ewafons (Ho fnd a bascs for qﬂm’fq )

dat[ (X 1) +)\i?l+[3x)i-|]
. )
Peop Llkeda-Naruse I~ Gy (x11)= ] 1<iyj4n

det (X7 )12t jén
with (x1¢)"= T x@t;
Cor ( Stroighlening mé )

I WO TN e

I+ B t"”'>\|.+|

<G )\c.-H ])>‘ +|) +FG )>\|.+\)>‘ 'H )

TP Lt A=(A,h), A2 L and y=(),Y,) be a stth of Hhe BAE.
M-k
Ga(ylet) =4 Zo ‘%Al_k_,_,(tn"utr-m) G)(z-n,...,kh-l, r (ylot)

The Bethe ansalz equahons impdy that We can reshick 46 A c




n L n
TROP  Sel ecxy=2_ (e,.+§e,.+‘)(>(|e'£)h = T xey;
r-o =1

o faa=Gr(yleBdf wille A=(h M) and A Sk
o o basis of q&ﬁ avdl  €.= 3p | %r:‘ gr.

Generabised. him-hook. a@goh‘#um
In e homogereows limit t;—> 0 the (K-theerche ) Littourod -Fichardson

Tule Gr(X)6,Cx) =2 Chw Gy =) s kennum. [ Buch]
hot res'l-'nc&o( b
baumdmj box
(D Compute (non-testnzkd) product: G, -G _Ek»c'\” G, + %knq G,

@ Reduce tevms in the Second sum using BAE + s’rmi%(%-lcnimg e o Lindl
J 3/~=Z Cya(9)9, with 93=6x for Ak

vCrh




Exampl N=3, n=2 k=1 | >X=g, 0,0

7 | W
6-G = Gl‘.+62|0+ﬁ6‘2.l [T— %,U—@)%
= 96,07 "9B 6.0 ™ 796
Gz.‘ = % G ¥z Y1#RY1) Yellrf) |
: 1+8Y H"EQZ
s ‘1::%2 \ymﬁw Y *Buﬂl T hn e
11BY, T = il
yj “9538y. Y.(1+BY2)— Yo (1+8Y))
Y-
2 S + (E -B) G, = 6,
> 6.' G, = In S 0,0 ! = Q' 3 ?'Ga,o



"Fusion mama,
Q: How db ax Comput Moy elmonts of opeators using ?Zf 2
Define an operator (EA"V:’%'V,? o G, = Zo(-_ F'dldba()\) obf(H)\.L-“j)

O The G, ds ob‘agana.ﬁ in e Bethe vec{v(s, (];)\ Y/ﬁ @A(yr) Y,«-

= ¢ ¥
(51 H ZGJ6J+,+§Z g6 J+l J #1 +|3 <ZJ<J6J6J.+' qJ *' J;‘*'
NN )

@ The GA)S 9o @ gm%&{m fepwﬂ‘l:a{'fon of q{%’;, i.e.

G)\ G =2 C)\ (¢, ?-)G G,."H,,., G,,= E,

vckgh

with CI,,.(f.er)= NEGylp> = Zg"(c‘/“i?{/*[g:)gv*@ﬂd*)
&) ot



Geometic Tderpretation :  Goresky-aftusite - MacPherson Theory

Lt Gr(nC") be the vaviely of alZ n-dimensional subspaces in CN
There is a natural achon of Gly(C) on Gr(n,CY). Fix a foms TC GLy(T).
The Jixedl pts undet the forus action ate described an ferms of binary chingo amd

Hhere s @ natral Wey@ Houp ackon. (W= Sy) on +hem.

0 1 2 3
iLll o 0 Py ° oo Y [
L n=IT|
I0Ol|l 0010 ’ﬂl
4 v— J iR
|

N k=N-n I3y Nl

sef of ankgus TEIN]  binary string b=b,~by  parition A minimol longHa rep W

1 2 3 &4 N

Cosefs [W]eSN/S,‘xSR ~~> natural Sy -action: (s;,Cwi)— L[sjwl

A Cocalised Sehubert ctass @), is a Sequence @A=(@Alw.)""0"‘w,) with the
W;'s being e Jived pls, Or€R(,,.,ty) and ¥ = pantesise mulhiplioetion




|dankipication:  Cacalised. Schubsrt clas O, | p €7 Cgonvalue 9, (4,)

£ xeal print unoler lorus ackon <—> Bethe rmoh Yu

TheoreM L Gorbouney,Ck.]

equivahont guanturm

i) Set B=0 (Pree Pormionpt) then Qrﬂbi E'@*'F(@"n,l\l) Cohomolagy

ii) Set t;=0, B=-1, then ?ﬂfz = QK (6Gr, n) q,uamlum /f—-/heow

wi) Set 9=0, B=-, Then QZW:L 2 U (G ) eguivanant Lf-ﬂyeokg

CoNJECTURE ?ﬁfb o B=-1, 9 yt5#© olascribes Quantum eguivariant W-thooty.

E(aa%fg soCvabl Cathce moded ~~~>> aZgzbm"c gzomeﬁg / ‘fo,om‘.’% y



Theorem  The partition funchion ZL= <y, HO = HOGW) Ve > s Fhe
w&%%‘eal Sum. over all Cg&'malh’c (gef_vaﬁufd) -}-ab[zwx and.

A |

i) B=0: 2;(§)=% ‘4* Cuy(t) Sy(xI-t)
Cromov- Wiﬂenj L factonal Schur Punchon
invanants
= - — - A _ )‘ A
i) B=-4 (q=0): Z/“ci)-% cﬁ%@ G s (xlot)
K-Yreerchc Lildwoad- Richardson
coe?ﬁa‘em{s-

> Ridhardson vah'eb : [X}:] =Z C;y (t) L—XVJ
v

> delerminant Lormula for C};‘ in dewms of Z;‘,_!



Desoriphon v Lwahoi- Heck, alaebras
Recadl the deflinition of the monodromy makix M(xit)= L oot) L (x,t,)

J J-I'I

Mx:\£) n "
| I/ column braiding: Gz, MxIE)= MixIs;t) Fo,
i 4
Let 55 =(s; QI)VJH with s; acking on
\J o V= RE,, -ty )oVN by swapping t; <>t
Fign b

Prop (Schur-Weyl duatity)  The S;'s olefine an Sy -ackon on each Vi, and
1) this action commudes with the ackion of fhe Yong-Baxter algebra
AD VU Vo omd B,CVy— Y,y

2) i s the natural action on the ivlempotents (Bethe vectns)
§J Y)\ m 5;1}\



Deline the $o0louing geremlised. divioleot difference operatat on each Vi,

I =y
= (1+Bt) = )= (L) o i Qw&,, |
ELascou x,Schi ﬁen bevger]
ProP  The c%)s define o tepresentation of the Inahon- Hecke alebra Hiy (B), c.e.
=B & ahol $i Sind5 = Sjuj v

NB. Hiy(0) is the nib-Coxeter and H) 1) the nid-Hecke alebra.

Corouary The factorial Grothendieck polynomials evaluated af the Bethe roofs,
3algu) ,0re Cocaliseal. Schubart classes. They cbey e GIM cordiition

§ 927 ¢a= (et gy




Yomprk The Gt woutt implies ot Hhe beatised Schubsct clues
0t eigonvalues Gy(Y,) Cam be Succwmil/cﬁs WJ@L ﬁmm e ':n‘o;o Clr
3k”(3/“)_ o 16 g Ot = JTL e(Tf 5)

tansfor man
e;%h\vz«ﬁum at X--'-":J'

Eacth. X dis a 0/~sa‘n'ng tohich. cam be ' gerernted” G 0011 =k"
by maving |-&bees to the &Pt using the GKH condition.

k n

Let w=s;8;, S, be such Hat A= wh" them

tr

S Qen = I t Cohoie Sw= 8 & &



So= 555,S,

1001
S253

Let +; = t;ot;. Then
] J t3, ta tyyty

tg tatygta \ 0 A;
44& SNy

g oo!! Hj 9 oi0]

o &
—>




Outlook
Why 1s s Jorrmlabtim importami 2

MATHS *
a> geomelic action of the V8B algchim

@ of fag variehod mkgnh&lg

PHYSICS:  exact computation of Lorm Lactws
using Schubort Calculus ?

THANK You For YouR ATTENTION!



