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Goal: Solve Planar N’ = 4 Super Yang—Mills Theory

Conformal Field Theory — We want Spectrum and Three-Point Functions!

see e.g. Review 2012

Use Integrability [« 52 "
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» Simplest subsector: Complex scalar fields X, Z in su(2) sectors.
» Study one-loop correction (previously obtained in [\ierey,]).
» Compare to AdS/CFT-dual string theory result.

Florian Loebbert: Spin Chains and Three-Point Functions in A/ 4 SYM Theory



Spectrum: su(2)-Sector

One Loop: Dilatation Operator = Heisenberg Hamiltonian Q2 = H>

Spin Chains (cyclic): <« Gauge invariant states:
L. (@) < O@)=Tr(XZZ...X)(=).
Excitations: Characterized by sets of rapidities u = {u1,u2,...,un}:
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Integrability : Tower of commuting charges: O, with Oy =D
= Dilatation Operator diagonalized by Bethe Ansatz [,Minahn,
iNL M
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Asymptotic Spectrum: su(2)-Sector

Higher Loops: Dilatation Operator Q2(g?) = Ha + g° ... (long-ranged)
Xt Hooft couplin
Spin Chains (cyclic): <« Gauge invariant states: et covele
{1t (@) < Ol@)=T(XZZ...X)(x).

Excitations: Characterized by sets of rapidities u = {u1,u2,...,unm}:
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Integrability : Tower of commuting charges: Q. (g) with Q2(g) = D(g)

= Dilatation Operator diagonalized by Bethe Ansatz [,}inshen |

[ IR
~—

g L M ) . [Beisert, Dippel
w(ur+3) )" _ H Uk = U+ 2ig(ug ;) BDS: [Siacher os
:L'(’U,k = 5

j=1

- . Arutyunov,Beisert
Uk — Uj — 1§ Dressing: [Eden Frolov.fernander]
J#k Lépez,Staudacher, ...

» Valid up to wrapping order!
» Dressing Phase starts at four loops
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Asymptotic Spectrum: su(2)-Sector

Higher Loops: Dilatation Operator Q2(g?) = Ha + g° ... (long-ranged)

-t Hooft coupling
Spin Chains (cyclic): <« Gauge invariant states:
{1t (@) < Ol@)=T(XZZ...X)(x).
Excitations: Characterized by sets of rapidities u = {u1,u2,...,unm}:
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Integrability : Tower of commuting charges: Q. (g) with Q2(g) = D(g)
= Dilatation Operator diagonalized by Bethe Ansatz [,}inshen |

g L M ) . [Beisert, Dippel
(;L‘(uk + ;)) H uk — uj + i BDS: [Staudachev‘ 04

U = Uy = @

ik
j=1

» Valid up to wrapping order!
» Dressing Phase starts at four loops — switch off for the moment
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Two Perturbative Definitions of Higher-Loop Spin Chains |

|. Deformations using Boost Operators
Start with Heisenberg (XXX) spin chain with local charges H.:

One loop: 9-(0) = H, with [Hr,Hs]=0 rs=223,...

One-loop/Heisenberg charges generated by leading boost operator: [Tt;a"]

Hys1 = B2, Hy, B = kQux.
k

Construct higher-loop charges using higher boost operators: [5°%; "]

d

d—gQr(g) = 75[Bs(9), @r(9)]; = [Q:(9), Qi(9)] = 0.

Solve perturbatively for generator Tgoost(9g):

9r(9) = Thoost(9) Hr Tiops: () + wrapping

» Tgoost singular on periodic chains — no similarity transformation.
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Two Perturbative Definitions of Higher-Loop Spin Chains Il

Il. Inhomogeneous Spin Chains

Get Higher Loop Spectrum from inhomogeneous Bethe Ansatz: [t 2P,

L i M . .
[ty o meowti gensgy) gy 20

ur —0;(9) — 5 uk —u; =4 ! L
i=1 J=1;j#k

Generate inhomogeneous charges from Heisenberg charges using

inhomogeneous Corner Transfer Matrix: [B3¢e][/ e,

To(u) = ( /\/ o s, ~ R-matrix R(u,8)
[

QQ(&) =1Tpy (0) H> T(;l((]) —+ wrapping

» Works at leading orders, no general proof yet!
» Compare also relation of leading boost B> to homogeneous CTM. [Tacker]
» Ty singular on periodic chains — no similarity transformation.
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S-Operator

Two singular transformations Tgoost and Ty generate the same twist of the
Bethe equations!

Q2(9) = Thoost(9) H2Tone: (9) Q2(0) ~ Ty(0) Ha T, *(0)

= Inhomogeneous and Boost-Deformed Chains are related by similarity

transformation S up to wrapping order: [o 2 ool [A™" S men 2

[ Unitary S-Operator S = Tgoost X T{l = Q9) = 592(9)571 ]

> S is well-defined on periodic spin chains as opposed to Tgoost and Tp!
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Three-Point Functions
Correlator of three eigenstates of the dilatation operator in three su(2) sectors:

States: O1(z1) | O2(x2) | Osz(xs)
Made of Scalars: Z, X Z, X zZ, X
Bethe state: |U1> |1I2> ‘ll3>

Conformal symmetry:

C123(9%)
(O1(21)O2(x2)O3(3)) = A1tAs—As3 A TAs—As Y
|z12] |z13] |z2s]
Integrability: Ciaa(g?) us, us, us) S

= (<u1 |u1><u2|u2><u3|u3>)1/2 Sever,Vieira,10
Scalar Products (of one on-shell and one off-shell Bethe state):
Ioop<u‘ = <u7 0|S_1 |u>|00P = S|u7 0>

Jiang, Kostov

= Use Slavnov-Determinant-Formula for scalar products: [$45°][4€, (o,

|00p<u‘v>|oop = <1l, B‘V, 0> = AUUV,G’ A“vo = Det(H - K)
By Qo (uj—%) M uj—upti L
o Smmee Begun AL SR @wsTlee.
: k=1;k#j Jj=1
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Find Structure Constants (uj, uz, us)

. . [Okuyama][ Roiban Alday,David ] [Escobedo,Gromov
General idea: [Tseng‘ 04][\/olov\'ch‘ 04][Gava,Naram, 051 Sever,Vieira, 10

ur) [uz)

lus)
. Escobedo, G
Tree-level: [Sa][fsednte 1[5
» Solved — Slavnov-determinants
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Find Structure Constants (uj, uz, us)
General idea: [7.0 5] [volteith! od] [cavaNarem. os] [ Secervicen 36"

ava,Narain, 05

(12[21)

{13)31) (23|32)

. Escobedo, G
Tree-level: [Sa][fsednte 1[5
» Solved — Slavnov-determinants
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Find Structure Constants (uj, uz, us)
General idea: [r 6] [vleter od] [ame . os] [ Severiiers, 30

ava,Narain, 05

(12321)

R,
'0"“ &)

(13331) (23332)

. Escobedo, G
Tree-level: [Sa][fsednte 1[5
» Solved — Slavnov-determinants
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One Loop: Two Types of Loop-Insertions

. ok Roib Alday, David
1. To the correlator: [Tse‘:\y;nai] [Volowienr 0a] [Gavm Noraim. 05

Insertion  of  the  Heisenberg-
Hamiltonian (one-loop Dilatation
Operator) at the splitting points:

I.=1-— gZ(HQJCa + Hs,j,), a=1,2,3

Jiang,Kostov

2. To the eigenstates: [}7&5o0

/l

Insertion from the S-operator (trans-
formation of eigenstates) at the split-
Toa ting points:

Ja 55, =1 —gQ(H‘&,ka + Hs,j,), a=1,2,3
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Combine Things

H HH . [Escobedo,G Fod Jiang,Kostov
Skip some nontrivial steps: [“cooe0:Some ] [Fos?] (Ao ooy

up, uz,us) = Uz, 020695 Lo iy .. .4
<123>'Z (uz, 020055 " lofiv .. iz, oo 1)
117---71L12=T7$ Los
><(2’1...z'Lui...M]I1551|u1,01>
L
13

X <T...T\L‘..\L|H3(553‘U3,93>
—— ——

Two steps to get simple form: Les  Ius

1. Rewrite insertions I, and 4.5, in terms of derivatives Ox = 9/90;,
2. Fix 0 to coupling-dependent BDS-values GBDS( ) = 2gsin 2%° 2“

(1, u2,u) = (1 + g°A) F123(0) + O(6°) | ,_yuos ittt

Fi23(0) = Auyuug,010 + Aus,015 A=A+ Ags 5E;~lb = E’; -

By

AabAu,ivy .0, = (0105 —i0ES" 07 +i0 ES" — 3(6E5")?) Au,uv, 6.

> Agrees with [(i7),], but simpler — Can take thermodynamical limit.
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Comparison With String Computation

N = 4 super Yang—Mills theory dual to IIB string theory on AdSsxS®

Consider two limits on the two sides of the gauge/string duality:

Thermodynamical Limit (Gauge Theory):

> State of length L with M excitations.

> Take L — 0o, M — 0o, L finite, X' = 45 < 1.

Frolov—Tseytlin Limit (String Theory): [+5% 02

» Rotating string on S% with angular momentum J

2 r_ g°
> g° =00, J 200, N =5 K1

Spectrum: Known that first two orders in )\’ agree in gauge & string theory.

Three-point functions?: One-loop three-point function requires two-loop
eigenfunction of dilatation operator.
= Expect match at first order in \'.
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Thermodynamical vs Frolov—Tseytlin Limit

. [Kost: Jiang,Kost: i . . s .
Gauge Theory: [*035"][wkesiovy,] [Aresronoy ] [Fetteheim]  — suppressed by 1/L since localized at splitting points

(U1, Uz, U3) Gauge = Fi23(0) + 9> Di123(0) + O(g)*

du o 1 ipy (u)+ipz (u)—igs(u)
~ j{%hg[e 1+~

1 2
: K Janik, 11
Stnng Theor)’- [KomaaztasT,aIS also: Weraer:zczynski]
(ul, usg, u3>$tring ~ ~ 4+ | ~ — Integrand agrees v
1 2
+ | ~ + | ~ — Should vanish for agreement. ?
3 4

Do contours match for first term? Does the second term vanish?

Florian Loebbert: Spin Chains and Three-Point Functions in A" = 4 SYM Theory

11/13



Summary & Outlook

Summary:

Asymptotic Spectrum:

Inhomogeneous Bethe Ansatz — Fix 6 = 6(g)

Three-Point Functions (1 Loop):

Inhomogeneous Correlators  — Fix 8 = 6(g) & A acts on splitting pts

— Matches string theory result in Frolov—Tseytlin limit.

Future Three-Point Puzzles:
Two loops: Use above method — Recursion for ?

Asymptotic Spin Chain | Generator | Relate Eigenstates by
Inhomogeneous Chain — TT9 )S — T X Te_l
N =4 SYM su(2) Boost
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Summary & Outlook

Summary:

Asymptotic Spectrum:
Inhomogeneous Bethe Ansatz — Fix 6 = 6(g)

Three-Point Functions (1 Loop):
Inhomogeneous Correlators
— Matches string theory result in Frolov—Tseytlin limit.

— Fix0=0(g) & A acts on splitting pts

Future Three-Point Puzzles:
Two loops: Use above method — Recursion for ?
Higher Loops: How to include Dressing Phase?
| Generator | Relate Eigenstates by

Asymptotic Spin Chain
Inhomogeneous Chain — TTg :)S — Tooos x Ty
N =4 SYM su(2) : Boost
Dressing Tbressing g E‘;i
7 70 D = 1 Dressing X L
se_J
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Integrability Puzzles

> Role of higher boost operators?

> ...and their generalization to bilocal charges (dressing phase)?

> More boosts for other models? See e.g. applications to open
boundaries [f}] or the XXZ chain [,Sfser, Fivel,

» Study inhomogeneous Corner Transfer Matrix as generator.

> Condensed matter model with dressing phase? Dynamic
inhomogeneities?

» Similar structures in other long-range spin chain models (e.g.
Inozemtsev)?
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