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Introduction

Particles propagating and interacting between reservoirs.
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Introduction

Particles propagating and interacting between reservoirs.
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The field or the unbalance between reservoirs = macroscopic current
particles (entropy production).
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Introduction

@ | — Open ASEP and quantum conductors

@ Il — Bethe Ansatz for XXX

o |Il — Comments about inhomogeneous Bethe Ansatz
°

Conclusion
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| - Asymetric exclusion model
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Asymmetric Simple Exclusion Process, ASEP :
@ One dimensional lattice L
@ enter left with rate o and right with rate §
@ leave right with rate 8 and left with rate

@ jump with rate p =1 to the right et ¢ < 1 to the left (if target is
unoccupied)
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@ One dimensional lattice L
@ enter left with rate o and right with rate §
@ leave right with rate 8 and left with rate

@ jump with rate p =1 to the right et ¢ < 1 to the left (if target is
unoccupied)
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o Simplicity

@ Related to other topics (quantum XXZ, directed polymers, traffic,
random matrices, orthogonal polynomials ...)

@ Integrable = susceptible of analytical results

Interesting quantity : The macroscopic current.
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@ One dimensional lattice L
@ enter left with rate o and right with rate §
@ leave right with rate 8 and left with rate

@ jump with rate p =1 to the right et ¢ < 1 to the left (if target is
unoccupied)

totally asymmetric (TASEP): g =v=6=0

Vincent Pasquier Open spin chains



| - Master equation
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The vector |P;) components are the probabilities to observe a
configuration C at time t. It obeys the master equation:

&|Pe) = M|P)

with M is a sum of local matrices M; (one for each link i) STOCHASTIC
(in the basis {0,1} and {00,01,10,11})

0 0 0 0
oy 10 ¢ 1 0 _|=0 B
MO_|:O[ _7:| 7MI_ 0 q _1 0 7ML_|:6 _ﬂ
0 0 0 0
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The vector |P;) components are the probabilities to observe a
configuration C at time t. It obeys the master equation:

|Pe) = [P7)

with M is a sum of local matrices M; (one for each link i) STOCHASTIC
(in the basis {0,1} and {00,01,10,11})
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| - Quantum Hamiltonian

A different problem
The vector |W;) components are the amplitudes to observe a
configuration C at time t. It obeys the master equation:

Vo) = HIW.)

with H is a sum of local matrices H; (one for each link /) HERMITIAN
(in the basis {0,1} and {00,01,10,11})

0 0 0 0
oy 0 —-A 1 0 | -0 B
o {'_ya}’H'_O 1 -a o M= 5 s
0 0 0 0
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| - Quantum Hamiltonian

A different problem
The vector |W;) components are the amplitudes to observe a
configuration C at time t. It obeys the master equation:

Vi) = |P%)

with H is a sum of local matrices H; (one for each link /) HERMITIAN
(in the basis {0,1} and {00,01,10,11})
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The Boundary matrices = Boundary Magnetic fields.
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| - Quantum Hamiltonian

A different problem
The vector |W;) components are the amplitudes to observe a
configuration C at time t. It obeys the master equation:

Vi) = |P%)

with H is a sum of local matrices H; (one for each link /) HERMITIAN
(in the basis {0,1} and {00,01,10,11})

0 0 0 0

oy |0 -A 1 0 | -0 B

”0_[5 a}’H'— 0 1 -A o M| 5
0 0 0 0

The Boundary matrices = Boundary Magnetic fields.

Non parallel fields induce a current= helix classical sin configuration
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| - Matrix Ansatz

[B. Derrida, M. R. Evans, V. Hakim, V.P., J. Phys. A, 1993]

Define matrices D et E and states (W] et | V) obeying

DE — gED = (1 — q)(D + E)
(W[(aE —~D) = (1 - q)(W|
(BD=SE)|V) =1 —-q)V)
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| - Matrix Ansatz

[B. Derrida, M. R. Evans, V. Hakim, V.P., J. Phys. A, 1993]

Define matrices D et E and states (W] et | V) obeying

DE — gED = (1 — q)(D + E)
(W[(aE —~D) = (1 - q)(W|
(BD=SE)|V) =1 —-q)V)

Then, for C = {n;}, with n; = 0 (hole) or 1 (particle),

PHC) = L(W| ﬁ (mD + (1 — m)E) V)

where Z, = (W[(D + E)-| V).
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| - Matrix Ansatz

[B. Derrida, M. R. Evans, V. Hakim, V.P., J. Phys. A, 1993]

Define matrices D et E and states (W] et | V) obeying

DE — gED = (1 — q)(D + E)
(W|(aE —~yD) = (1 - q)(W]|
(BD=3E)V) =(1—-q)V)
Then, for C = {n;}, with n; = 0 (hole) or 1 (particle),
PO = HWITT (D + (1~ m)E)|V)

where Z, = (W[(D + E)-| V).

for example, P*(110101) = ZL«W”DDEDED” V).
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| - Matrix Ansatz

[B. Derrida, M. R. Evans, V. Hakim, V.P., J. Phys. A, 1993]

Define matrices D et E and states (W] et | V) obeying

DE — gED = (1 — q)(D + E)
(W[(aE —~D) = (1 - q)(W|
(BD=SE)|V) =1 —-q)V)

Then, for C = {n;}, with n; = 0 (hole) or 1 (particle),

PHC) = L(W| ﬁ (mD + (1 — m)E) V)

where Z, = (W[(D + E)-| V).

for example, P*(110101) = ZL«W”DDEDED” V).

One deduces the mean current J = (1 — q) ZLZ:
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| - Phase Diagram

As a function of ps(c, 7, q) and pp(3,4,q) :

1-—pp
A
1
LD MC
J = Q-dpall—pa) =2
B | B
1
2 SL HD
J = A-app(l—pyp)
e
0 1l > Pa
2

In each case : J = (1—q)pc(1l—pc).
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Il - Large Deviation

History C(t) with a current Q.[C].
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Il - Large Deviation

History C(t) with a current Q.[C].

Large deviations for J;

Probability Q; = tj : for t — oo,
P(Qt = tJ) ~ e~ t€U)

g(Jj) is the large deviation function.
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Large deviations for J;

Probability Q; = tj : for t — oo,
P(Qt = tJ) ~ e~ t€U)

g(Jj) is the large deviation function.

Generating function : E(y) such that t — oo,

etE(U) = <el‘-Qt>
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Il - Large Deviation

History C(t) with a current Q.[C].

Large deviations for J;

Probability Q; = tj : for t — oo,
P(Qt = tJ) ~ e~ t€U)

g(Jj) is the large deviation function.

Generating function : E(y) such that t — oo,

etE(U) = <el‘-Qt>

Theorem:

E(n)=w*~g(*) . §&0")=n
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Il - Measure the current
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N My My M N M M
* 000 & £ 00 0
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vy q kY

o et —

Mo(j1) = [ —a w/,]

Add fugacities to the off diagonal terms enables to count the current of
particles.
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Il - Measure the current
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o et —

Mo(j1) = [ —a w/,]

Add fugacities to the off diagonal terms enables to count the current of
particles.

L-1

M, = Mo(p) + > M; + M,
i=1
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Il - Measure the current

« 1 B
N My My M N M M
* 000 & £ 00 0
U \URURY, U (R (R
vy q kY

| —a v e H
MO(:“) - [ a et — :|
Add fugacities to the off diagonal terms enables to count the current of
particles.

L-1

M, = Mo(p) + > M; + M,
i=1

‘ E(p) largest eigenvalue M, ‘

Corresponding eigenvectors : |P,) and (P,|
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IV - Strategy- closed chain XXX

e Obtain a Two Parameters T(u, v) family of transfer matrices
commuting with the Hamiltonian
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IV - Strategy- closed chain XXX

e Obtain a Two Parameters T(u, v) family of transfer matrices
commuting with the Hamiltonian

e Factorize it as T(u,v) = P(u)Q(v)
e For specific values of u+ v =1 — k observe it decomposes as:

T(u,1—k—u)=tO(u)+ N T(u+ k,1—u)
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IV - Strategy- closed chain XXX

e Obtain a Two Parameters T(u, v) family of transfer matrices
commuting with the Hamiltonian

e Factorize it as T(u,v) = P(u)Q(v)
e For specific values of u+ v =1 — k observe it decomposes as:

T(u,1—k—u)=tO(u)+ N T(u+ k,1—u)

e combine with factorization:

P(u)Q(1 — k — u) = t9 (1) + Nk P(u+ k) Q(1 — u)
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IV - Strategy- closed chain XXX

e Obtain a Two Parameters T(u, v) family of transfer matrices
commuting with the Hamiltonian

e Factorize it as T(u,v) = P(u)Q(v)
e For specific values of u+ v =1 — k observe it decomposes as:

T(u,1—k—u)=tO(u)+ N T(u+ k,1—u)

e combine with factorization:

P(u)Q(1 — k — u) = t9 (1) + Nk P(u+ k) Q(1 — u)

e Use the above equation with k = 1,2 to obtain the spectrum.
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Bethe Ansatz- closed chain XXX

e First two relations:

Q(v)P(—v) = h(v) + MyQ(1+ v)P(1 — v)
Q(v)P(—v—1)= t(2)(v) + N Q2+ v)P(1 —v)

First relation is the the Wronsky identity.
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Bethe Ansatz- closed chain XXX

e First two relations:

Q(v)P(—v) = h(v) + MyQ(1+ v)P(1 — v)
Q(v)P(—v—1)= t(2)(v) + N Q2+ v)P(1 —v)

First relation is the the Wronsky identity.
e which combine into

t@(V)Q(v + 1) = h(v + 1)Q(v) + N1 h(v)Q(v + 2)
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Transfer Matrix- closed chain XXX

e Use Oscillatory internal space:
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Transfer Matrix- closed chain XXX

e Use Oscillatory internal space:

e construct Lax matrix:

Vincent Pasquier Open spin chains



Transfer Matrix- closed chain XXX

e Use Oscillatory internal space:

e construct Lax matrix:

e construct Transfer Matrix:
T(u,v) =tr(Li(z, ) - Ln(z,N))

with:

__ utv _ u—v
A=, 2= 5

Commutes with the Hamiltonian for all u, v.
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Transfer Matrix Open chain XXX

e We require H to commute with the product of two transfer matrices:

Avi, va) = A(vi)N(vo) = WE T, WR s« W't T, W'R
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Transfer Matrix Open chain XXX

e We require H to commute with the product of two transfer matrices:
Avi, va) = A(vi)N(vo) = WE T, WR s« W't T, W'R
e Boundary vectors are coherent states

(2hR.Syy + 1)W =0
(2hg.S,, — L)W' =0

e Boundary Hamiltonian with spinors:

n—+tr
h— _ 1 5t —nn
= puln—n) 1 _% '

W=(1-nx)"#""(1-npx)t"
W' = (1—nx" )21 — npx') "+ v,
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K Matrix XXX

e Can be rewritten using K-Matrix

/\(Vl,Vz) = tr(KL T(Vl,Vz)KR TT(Vz,Vl)),

Vo,v1 Vi,V2

oo
K = / dtt" TG (X, 1, 1) Gy (B —p1, Y, 11y 1)
0
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K Matrix XXX

e Can be rewritten using K-Matrix

/\(Vl,Vz) = tr(KL T(Vl,Vz)KR TT(Vz,Vl)),

Vo,v1 Vi,V2

oo
K = / dtt" TG (X, 1, 1) Gy (B —p1, Y, 11y 1)
0

with:

Gun(t, o ryx,y) = (L= xr) ™72 (1 t3=5)H
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K Matrix XXX

e Can be rewritten using K-Matrix

/\(Vl,Vz) = tr(KL T(Vl,Vz)KR TT(Vz,Vl)),

Vo,v1 Vi,V2

o0
K= / dttV1+V2716V1,Vz(tnu>X7 r, r2)GV17V2(t7 —Hs Y, I, r2)
0

with:
G (t, s 1y %, y) = (1= xr) 772 (1 t7=2 )i
On which you can observe the symmetry:

K(x,y, 1) = K(y,x, —p)

Vincent Pasquier Open spin chains



Bethe Equations for open chain XXX

e TQ equation:

Ao(u)q(u) = b(—u)q(u—1) + b(u)q(u +1)
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Bethe Equations for open chain XXX

e TQ equation:
Ao(u)q(u) = b(—u)q(u — 1) + b(u)q(u + 1)

N
b(u) = gy (vt 3 =)+ 5 = pr) [T (v = 3 — ai)(u = 5 + i)

e Incompatible with polynomial at infinity if boundary fields are not
parallel
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Bethe Equations for open chain XXX

e TQ equation:
Ao(u)q(u) = b(—u)q(u — 1) + b(u)q(u + 1)

—pr) T (u =3 —a)(u— % + ay)

—
<
+

N

\
=
~
~—

—
<
+

N=

e Incompatible with polynomial at infinity if boundary fields are not
parallel

e Wang et al. propose to modify with inhomogeneous term., but we
were able to solve it in some cases without? at the price of
nonsymmetric, nonpolynomial solutions.
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ll i CumUIa ntS 5 ASEP XXZ [Gorissen, Lazarescu, Mallick, Vanderzande;

P.R.L., 2012]
z e K
E(n) = —(1-q) §s 5 Wa(2) :*(1*q)kZﬂDkBT

> k

n= s 5 Wa(2) =-> a5
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ll i CumUIa ntS 5 ASEP XXZ [Gorissen, Lazarescu, Mallick, Vanderzande;

P.R.L., 2012]
z & K
E(lu) = 7(1 - q) fs 127‘r(‘i+z)2 WB(Z) = *(1 — q) kZ,]_ DkBT
> k
M:_SzzdiWB(z) :_ZCkBT

avec
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ll i CumUIa ntS 5 ASEP XXZ [Gorissen, Lazarescu, Mallick, Vanderzande;

P.R.L., 2012]
z & K
E(n) = (1 - ) §s i We(2) :*(1*q)kZJﬂDkBT
x> k
H=- SdeiWB(Z) :_kZ_:leBT
avec
We(z) = -1 |n(1 - BF(z)eX[WB](Z))
avec

_ (1+2) (142" ) () oo (27D oo
F(2) = o D o) (2 Do (o) (b T) e (B oo (B T

X[fl(z) = fs Z;;z f(2)K(z,z)
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ll i CumUIa ntS 5 ASEP XXZ [Gorissen, Lazarescu, Mallick, Vanderzande;

P.R.L., 2012]
dz > Bk
E(N) = *(1*(7)%5 WWB(Z) = 7(17q)kZ:IDkT
> K
H== SdeiWB(Z) :_kZ_:leBT
avec
We(z) = -1 |n(1 - BF(z)eX[WB](Z))
avec
_ (14+2) (142 D) () 0o (27 0o
F(Z) T (32)00 (32 1) o0 (32) 00 (32— 1) oo (b2) 0o (b2~ 1) oo (b2) o0 (b2~ 1) oo
X[fl(2) = §5 551 (2)K(z.2)
avec
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ll i CumUIa ntS 5 ASEP XXZ [Gorissen, Lazarescu, Mallick, Vanderzande;

P.R.L., 2012]
dz > Bk
E(N) = *(1*(7)%5 WWB(Z) = 7(17q)kZ:IDkT
> K
H== SdeiWB(Z) :_kZ_:leBT
avec
We(z) = -1 |n(1 - BF(z)eX[WB](Z))
avec
_ (14+2) (142 D) () 0o (27 0o
F(Z) T (32)00 (32 1) o0 (32) 00 (32— 1) oo (b2) 0o (b2~ 1) oo (b2) o0 (b2~ 1) oo
X[fl(2) = §5 551 (2)K(z.2)
avec

(X)oo = T1(1 — g*x)

k=0

K(z,2) =2 % 125 ((2/2) + (2/2) )

Similaire a [S. Prolhac, J. Phys. A, 2010] pour le ASEP périodique.



Il - Cumulants : Large size

e low density :

E(n) = (1- (55 - )

de Gier Essler PRL 2011.

1-pp
1
LD MC
J = (1 —dpa(l-pa) g =00
= | =
1
2 SL HD
[ T el

ol
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Il - Cumulants : Large size

e low density :

E(n) = (1- (55 - )

de Gier Essler PRL 2011.

e maximal current phase: 1o

3/2 LD MC

E(p) — “Zq)u =—(1- )mf Zk 1 kllE(zk,jr);/Z BX

o o =

n= g\f Zk 1 KIk(+372) 1]

i

SL

ol
|
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Il - Cumulants : Large size

e low density :

E(n) = (1~ )55 ~ )
de Gier Essler PRL 2011.

e maximal current phase: 1=
1
1— 3/2 26)! D M?
E(/L) ! 4‘7) K= _(1 )16\f Zk 1 k'lE("+)5/2 Bk ] I
= e (2K)! _ pk E E
H= Zf Zk 1 k1k(k+3/2) 1 . —
Ek ~ L(k73)/2 A= aey1=rp)
) %| T Pa
e choc line:
2k—2
E() == a)uipn=—-01- ) 751 Lo k2k)|
o= _2at1 g0 KK oy

[ a1 2uk=1 (2H)]
Ej ~ Lk=2,
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Conclusion

We have:
o Constructed a Q matrix commuting wth the ASEP Hamiltonian

@ Used it to obtain functional equations equivalent to the Bethe
Ansatz

@ Used analiticity properties to obtain a particular eigenvalue yielding
the large deviation function.
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Conclusion

We have:
o Constructed a Q matrix commuting wth the ASEP Hamiltonian
@ Used it to obtain functional equations equivalent to the Bethe
Ansatz
@ Used analiticity properties to obtain a particular eigenvalue yielding
the large deviation function.
We would like to:
@ Explore more ahead our results especially in the maximal current
phase.
@ Obtain the correct analiticity properties to solve XXZ chain and
other models with open boundary.

@ Simplify our derivations.
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Thank you!
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Bethe Equations

Bethe equations?
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Bethe Equations

Bethe equations?
e Unknown are t(u) and g(u) = x" H,-kzl(u — uj)
polynomials of degree N and k.
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Bethe Equations

Bethe equations?

e Unknown are t(u) and g(u) = x" H,-kzl(u — uj)
polynomials of degree N and k.

e known b(u) = H,N:l(u - ;)
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Bethe Equations

Bethe equations?

e Unknown are t(u) and g(u) = x" H,-kzl(u — uj)
polynomials of degree N and k.

e known b(u) = H,N:l(u - ;)

e Baxter equation:

t§ = by g— + bay,
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Bethe Equations

Bethe equations?

e Unknown are t(u) and g(u) = x" H,-kzl(u — uj)
polynomials of degree N and k.

e known b(u) = H,N:l(u - ;)

e Baxter equation:

t§ = by g— + bay,
e Bethe equations:

a-(u) _ _ b(w)
a-(w) = ba(w)
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Pronko Stroganov other Side of the equator

e There is a second solution r(u) = x~* Hf\lzzk(u — v;) of degree N-k.
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Pronko Stroganov other Side of the equator

e There is a second solution r(u) = x~* Hf\lzzk(u — v;) of degree N-k.

t? — b+?_ + b?+,
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Pronko Stroganov other Side of the equator

e There is a second solution r(u) = x~* Hf\lzzk(u — v;) of degree N-k.
t? — b+?_ + b?+,

o Satisfy Wronsky identity:

b =
a_

Rt
o~
QO

|

Why should the right hand side be dividable by b?
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Pronko Stroganov other Side of the equator

e There is a second solution r(u) = x~* Hf\lzzk(u — v;) of degree N-k.
t? — b+?_ + b?+,

o Satisfy Wronsky identity:

b _
a_

o~
>

o

Why should the right hand side be dividable by b?
e Simple element decomposition of Baxter/§g_§. gives
Pronko-Stroganov identity:

[*3Y

o

,+3

o
K}l

|
N[
o
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Pronko Stroganov other Side of the equator

e There is a second solution r(u) = x~* Hf\lzzk(u — v;) of degree N-k.
t? — b+?_ + b?+,

o Satisfy Wronsky identity:

b _
q_
Why should the right hand side be dividable by b?
e Simple element decomposition of Baxter/§g_§. gives
Pronko-Stroganov identity:

Rt
o~
|

b _ & _ & | 5
@ =3 g P
° solveﬂA:/;f/AL to obtain:
P_a
G=gth

Vincent Pasquier Open spin chains



Inhomogeneous Bethe Equations

Homogeneous B.A. can always be made inhomogeneous.
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Inhomogeneous Bethe Equations

Homogeneous B.A. can always be made inhomogeneous.
e We can always recast B.A.:

t@ = b+©7 + b@+ + (x—l—x_1 —y - y‘l)bb+y”

with Q(u) = y" polynomial of degree N.
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Inhomogeneous Bethe Equations

Homogeneous B.A. can always be made inhomogeneous.

e We can always recast B.A.:
tQ=b,Q_ +bQ, + (x+xL—y—yLbb,y"

with Q(u) = y" polynomial of degree N.

e apply variation of parameters to obtain:

& —e=(y+yt—x—xNay"
b & Q-
I
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Inhomogeneous Bethe Equations

Homogeneous B.A. can always be made inhomogeneous.
e We can always recast B.A.:

t@ = b+O7 + b@+ + (x—l—x_1 —y - y‘l)bb+y”

with Q(u) = y" polynomial of degree N.
e apply variation of parameters to obtain:

& —e=(y+yt—x—xNay"
b & Q-
I

e How can you know Q(u) is polynomial?.
Use Pronko-Stroganov identity!

&
Il
jo)
o
+
o>
>

with h solution of:

~

h—h_ =8—(y+y t=—x—x1Ya_/y
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