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1 Abstract

Twisted Yangians are a class of quantized enveloping algebras associated with symmetric pairs of Lie
algebras that can be presented as coideal subalgebras of the (non-twisted) Yangians or as quotients of
a reflection algebra by additional symmetry relations. Twisted Yangians of types AI and AII, corre-
sponding to the symmetric pairs (glN , soN ) and (glN , spN ) and the twisted reflection equation were
introduced by G. Olshanskii in [Ol] and [MNO] and have been studied extensively over the past twenty
years. Those of type AIII were introduced in [MoRa] where they were called reflection algebras since
they can be defined using the non-twisted reflection equation.
In this poster we present new twisted Yangians for the classical Lie algebras of types B, C and D: they are
in bijection with the symmetric pairs of types BDI, CI, CII and DIII. (This notation refers to Cartan’s
classification of symmetric spaces.) We also introduce twisted Yangians of type BCD0 corresponding to
the symmetric pair (gN [x], gN [x2]).

2 Yangians X(gN) and Y (gN) for gN = soN , spN

The extended Yangian X(gN ) was introduced in [AACFR] and was studied furthermore in [AMR]. It
admits as quotients the (non-twisted) orthogonal and symplectic Yangians Y (gN ).

Let n ∈ N and set N = 2n or N = 2n + 1. Let i(j, k, . . .) ∈ {∓n, . . . ,∓1} if N = 2n and
i(j, k, . . .) ∈ {∓n, . . . ,∓1, 0} ifN = 2n+1. Set θij = 1 in the orthogonal case and θij = sign(i)·sign(j)
in the symplectic case. Let Fij = Eij − θijE−j,−i where Eij is the elementary matrix of glN . Then
soN , spN = spanC{Fij}−n≤i,j≤n satisfying

Fij + θijF−j,−i = 0, [Fij, Fkl] = δjkFil − δilFkj + θijδj,−lFk,−i − θijδi,−kF−j,l.

Let P denote the permutation operator and Q denote the transposed projector on CN ⊗ CN , namely

P =
∑

−n≤i,j≤n
Eij ⊗ Eji, Q =

∑
−n≤i,j≤n

θijEij ⊗ E−i,−j.

Set (Eij)
t = θijE−j,−i and let I denote the identity matrix. Then P 2 = I , Q = P t1 = P t2 and also

PQ = QP = ±Q and Q2 = NQ. Here the upper sign corresponds to the orthogonal case and the
lower sign to the symplectic case. Set κ = N/2 ∓ 1. The R matrix R(u) that we will need is defined
by [AACFR]

R(u) = I − P

u
+

Q

u− κ
∈ End(CN ⊗ CN ).

It is a solution of the quantum Yang-Baxter equation on (CN )⊗3 with spectral parameter,

R12(u)R13(u + v)R23(v) = R23(v)R13(u + v)R12(u).

Definition 2.1. [AACFR, AMR] The extended Yangian X(gN ) is the associative C-algebra with

generators t
(r)
ij for −n ≤ i, j ≤ n and r ∈ Z≥0, which satisfy the following relations:

R(u− v)T1(u)T2(v) = T2(v)T1(u)R(u− v), (1)

where the T -matrix T (u) ∈ EndCN ⊗X(gN )[[u−1]] is defined by

T (u) =

n∑
−n≤i,j≤n

Eij ⊗ tij(u), tij(u) =

∞∑
r=0

t
(r)
ij u

−r ∈ X(gN )[[u−1]], t
(0)
ij = δij.

The Hopf algebra structure on X(gN ) is given by

∆ : tij(u) 7→
n∑

k=−n
tik(u)⊗ tkj(u), S : T (u) 7→ T−1(u), ε : T (u) 7→ I.

It follows from the properties of Q and (1) that

T t(u + κ)T (u) = T (u)T t(u + κ) = z(u) · I,

where z(u) = 1 +
∑
i≥1 zi u

−i is called the quantum contraction of the matrix T (u); its coefficients zi
generate the centre ZX(gN ) of X(gN ). This leads to the following tensor product decomposition of
X(gN ) ([AMR], Theorem 3.1):

X(gN ) = ZX(gN )⊗ Y (gN ). (2)

The Yangian Y (gN ) is thus isomorphic to the quotient of X(gN ) by the ideal generated by the elements
zi, that is, Y (gN ) ∼= X(gN )/(z(u)− 1). Moreover, zi’s are algebraically independent over Y (g).

3 Twisted Yangians as subalgebras of Yangians

The symmetric pairs we are interested in are of the form (gN , g
ρ
N ) where ρ is an involution of gN . The

fixed-point subalgebra is g
ρ
N = spanC{X ∈ gN |X = GXG−1} = spanC{X + GXG−1 |X ∈ gN}

where:

• BCD0 : G = I , ρ is trivial and g
ρ
N = gN .

• CI : N is even, gN = spN , G =
∑N

2
i=1(Eii − E−i,−i) and g

ρ
N
∼= glN

2
.

•DIII : N is even, gN = soN , G =
∑N

2
i=1(Eii − E−i,−i) and g

ρ
N
∼= glN

2
.

• CII : N , p and q are even and > 0, N = p + q, gN = spN ,

G = −

q
2∑
i=1

(Eii + E−i,−i) +

N
2∑

i=q
2+1

(Eii + E−i,−i)

and g
ρ
N = spp ⊕ spq. More precisely, the subalgebra of g

ρ
N spanned by Fij with −q2 ≤ i, j ≤ q

2 is

isomorphic to spq and the subalgebra of g
ρ
N spanned by Fij with |i|, |j| > q

2 is isomorphic to spp.

• BDI : gN = soN , g
ρ
N = sop ⊕ soq where p > q > 0 if N is odd, and p ≥ q > 0 if N is even. (If

q = 1, then soq is the zero Lie algebra.) When N is even, p and q have the same parity; when N is
odd, p− q is also odd. Now G is given by

G =

p−q
2∑
i=1

(Eii + E−i,−i) +

N
2∑

i=p−q
2 +1

(E−i,i + Ei,−i), G =

p−q−1
2∑

i=−p−q−1
2

Eii +

N−1
2∑

i=p−q+1
2

(E−i,i + Ei,−i),

for even and odd cases, respectively.

Definition 3.1. Let the matrix G be as described above. The extended twisted Yangian X(gN ,G)tw

is the subalgebra of X(gN ) generated by the coefficients of the entries of the S-matrix

S(u) = T (u− κ/2)G(u)T t(−u + κ/2), (3)

where

• G(u) = G for cases BCD0, CI, DIII and DI, CII when p = q;

• G(u) = (I − c uG)(1− c u)−1 with c = 4
p−q for cases BDI, CII when p > q.

In the algebra X(gN ,G)tw, the product S(u)S(−u) is a scalar matrix

S(u)S(−u) = w(u) · I,

where w(u) is an even formal power series in u−1 with coefficients w2, w4, . . . , central in X(gN ,G)tw.

Definition 3.2. The twisted Yangian Y (gN ,G)tw is the quotient of X(gN ,G)tw by the ideal gen-
erated by the coefficients of the unitarity relation, i.e.,

Y (gN ,G)tw = X(gN ,G)tw/(S(u)S(−u)− I).

Let us denote by ZX(gN ,G)tw the commutative algebra generated by the coefficients of w(u). This
algebra is the centre of X(gN ,G)tw. The two twisted Yangians are related via the following tensor
product decomposition (which is the analogue of (2)):

X(gN ,G)tw ∼= ZX(gN ,G)tw ⊗ Y (gN ,G)tw.

The new algebras, as Olshanskii’s twisted Yangians, are coideal subalgebras of a larger Yangian.

Proposition 3.1. The algebra X(gN ,G)tw is a left coideal subalgebra of X(gN ):

∆(X(gN ,G)tw) ⊂ X(gN )⊗X(gN ,G)tw.

namely, for any sij(u) ∈ X(gN ,G)tw[[u−1]] we have

∆(sij(u)) =

n∑
a,b=−n

θjb tia(u− κ/2) t−j,−b(−u + κ/2)⊗ sab(u),

The same property holds for Y (gN ,G)tw; it is a left coideal subalgebra of Y (gN ).

4 Twisted Yangians as reflection algebras

Definition 4.1. The extended reflection algebra XB(G) is the unital associative algebra generated

by elements s
(r)
ij for −n ≤ i, j ≤ n, r ∈ Z≥0 satisfying the reflection equation

R(u− v) S1(u)R(u + v) S2(v) = S2(v)R(u + v) S1(u)R(u− v), (4)

where the S-matrix S(u) is defined by

S(u) =

n∑
i,j=−n

Eij ⊗ sij(u) ∈ End(CN )⊗XB(G)[[u−1]], sij(u) =

∞∑
r=0

s
(r)
ij u

−r, s
(0)
ij = gij.

There exists a formal power series c(u) in u−1 with coefficients ci (i = 1, 2, . . .) central in XB(G), such
that the following identity holds

Q S1(u)R(2u− κ) S−1
2 (κ− u) = S−1

2 (κ− u)R(2u− κ) S1(u)Q = p(u) c(u)Q,

where

p(u) = (±) 1∓ 1

2u− κ
+

tr(G(u))

2u− 2κ
.

The minus sign in the special notation (±) is for the cases CI and DIII only.

Definition 4.2. The reflection algebra B(G) is isomorphic the quotient of XB(G) by the ideal
generated by the coefficients of the series c(u):

B(G) ∼= XB(G)/(c(u)− 1).

The odd coefficients of c(u) are algebraically independent over XB(G). Moreover, the constraint
c(u) = 1 is equivalent to the symmetry relation

St(u) = (±) S(κ− u)± S(u)− S(κ− u)

2u− κ
+

tr(G(u)) S(k − u)− tr(S(u)) · I
2u− 2κ

. (5)

In the algebra B(G) the product S(u) S(−u) = w(u) · I is a scalar matrix, where w(u) is an even formal
power series in u−1 with coefficients wi (i = 2, 4, . . .) central in B(G).

Definition 4.3. The unitary reflection algebra UB(G) is the quotient of the reflection algebra
B(G) by the ideal generated by the unitarity constrain

S(u) S(−u) = I.

Let us comment on the choice of the reflection equation (4). Consider the twisted reflection equation

R(u− v) S′1(u)Rt(−u− v) S′2(v) = S′2(v)Rt(−u− v) S′1(u)R(u− v). (6)

Observe that Rt(u) = R(κ−u). Then it is possible to see that (6) is equivalent to (4) upon identification
S′(u) = S(u + κ/2). Moreover, the choice of (4) has motivated the form of the S-matrix S(u) in (3).
For the twisted reflection equation (6) the natural choice would be S′(u) = T (u)G(u + κ/2)T t(−u),
the unitarity relation would become S′(u)S′(−κ− u) = I .

The S-matrix S(u) given by (3) automatically satisfies the reflection equation (4) and the symmetry
relation (5). Moreover, the map

φ : B(G)→ X(gN ,G)tw, S(u) 7→ S(u) = T (u− κ/2)G(u)T t(−u + κ/2),

is both injective and surjective.

Theorem 4.1. The extended twisted Yangian X(gN ,G)tw is isomorphic via φ to B(G).

Theorem 4.2. The twisted Yangian Y (gN ,G)tw is isomorphic to UB(G).
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