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Two classes of integrable models 

I. Introduction 

With U(1) symmetry Without U(1) symmetry 

Periodic boundary 
Parallel boundary  
….. 

Coordinate BA,  
Baxter’s T-Q, 
Algebraic BA 

XYZ spin chain (odd N) 
Antiperiodic boundary 
Non-diagonal boundary fields 
…… 

SoV, q-Onsager etc 
Off-diagonal Bethe Ansatz 



II. The inhomogeneous T-Q relation 

Absence of   reference  state ! 

The eigenvalue of the transfer matrix is a  degree N 
polynomial!  
 
 
 
 

N+1 equations or  values 
at N+1 points           
determine it completely! 



II. The inhomogeneous T-Q relation 

Two key invariants of the monodromy matrix: 
 
(1) Trace               (2)Quantum determinant 

Intrinsic relationship between them! 

C(u) encodes 
the boundary 

Regularity              BAE 

CYSW: PRL 111,  Nucl. Phys. B 875&879 (2013) 

QH edge 
TI surface 
Open string 



II. The inhomogeneous T-Q relation 

Why? 

For arbitrary  
Q’s  and C(u) 

A minimal T-Q is enough to give the complete spectrum 
because we need only N Bethe roots to parameterize 
the degree N polynomial   

Frahm 09 
Niccoli 11 
Reshtikhin 
83 



III. The XYZ model 

Baxter 71 
Faddeev & 
Takhatajian 79 



III. The XYZ model 

Initial 

Crossing 

Unitary 



III. The XYZ model: Functional relations 

Analyticity 

Periodicity 

Identities 



III. The XYZ model: Inhomogeneous T-Q 

The minimal T-Q           m=0 



III. The XYZ model: Bethe ansatz equations 

BAE 

Selection rule 



III. The XYZ model: Even N case 

For even N and generic coupling constants, we have 
c=0 solutions. 

Baxter’s solution 
Faddeev & 
Takhtajian 



III. The XYZ model: Even N case 



III. The XYZ model: Odd N case 

For generic coupling constants, no c=0 solution 



IV. The antiperiodic XXZ model 

Cao et. al, PRL 111, 137201(2013) 

Monodromy matrix 

Transfer matrix 



IV. The antiperiodic XXZ model: T-Q (I) 

Functional relation Periodicity 

Degree N-1 
trigonometric 
polynomial 

Even N, M=N/2 Odd N, M=(N+1)/2 



IV. The antiperiodic XXZ model: T-Q (II) 



IV. The antiperiodic XXZ model: T-Q (II) 



IV. The antiperiodic XXZ model: Bethe states 

Scalar product 

Recursive relation 

In principle,  all the off-shell scalar product can be 
derived from the  inhomogeneous T-Q relation 



IV. The antiperiodic XXZ model: Bethe states 

Orthogonal 
and complete 
basis 

Niccoli 12 
CYSW13 

A convenient basis 



IV. The antiperiodic XXZ model: Bethe states 

Expansion of the eigenvector 

SoV state by Niccoli 

The Bethe state for T-Q(II) 

Why? 

Reference state 



IV. The antiperiodic XXZ model: Scalar product 

Final solution of the recursive relation 



V. Concluding Remarks & Perspective 

Operator product identities 

Polynomialization  

Yang-Baxter Equation  &  Reflection Equation 

+ Asymptotic behavior of the  polynomial 

Regularity Bethe ansatz equations 
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V. Concluding Remarks & Perspective 



V. Concluding Remarks & Perspective 

The method works for all boundary conditions! 

High rank systems: An, Bn, Cn, Dn 

Nested T-Q  

Interesting open problem：How to retrieve 
the Bethe states? 



Thanks! 


