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l. Introduction

Two classes of integrable models

With U(1) symmetry

1 )

Without U(1) symmetry

1 )

Periodic boundary
Parallel boundary

1 )

XYZ spin chain (odd N)
Antiperiodic boundary
Non-diagonal boundary fields

Coordinate BA,
Baxter’s T-Q,
Algebraic BA

L)

SoV, g-Onsager etc
Off-diagonal Bethe Ansatz




Il. The inhomogeneous T-Q relation

Absence of reference state'!

polynomial!

(=

The eigenvalue of the transfer matrix is a degree N

N+1 equations or values
at N+1 points | A(9)
determine it completely!




Il. The inhomogeneous T-Q relation

CYSW: PRL 111, Nucl. Phys. B 875&879 (2013)

Two key invariants of the monodromy matrix:

(1) Trace | t(u)

S~

Intrinsic relationship between them!

(2)Quantum determinant

C(u) encodes
the boundary

Ag(u)

/

QH edge
Tl surface

((6)0(6; 1) = a(6,)d(6; - 1) ~ Ag(8;), j=1,+-.N —1 Open string
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Alu)=¢""alu Q(u)0n ()

Qu-1)0ilu-n) -if () IQ(“H?)QZ("“I)
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alu)d(u)
el 01l

a(d; —n)=d(#;) =0

Regularity B> BAE




Il. The inhomogeneous T-Q relation

Why? o - o
y A(GJ) :€I¢(9ﬂa(9])Q(91 U)Ql(ej ’7)
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A minimal T-Q is enough to give the complete spectrum
because we need only N Bethe roots to parameterize

the degree N polynomial




lll. The XYZ model

[ L I ———
N Baxter 71
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lll. The XYZ model

I A — ]
Initial condition : R; >2(0) = P >,
Unitarity relation : Ry >(u)R> 1 (—u) = —& (1) > id.,
c(u—n)o(u—+mn)
) = ]
S (2) (o (m)
Crossing relation : Ry >(u) = V) R’ﬁ2 —u—mn)Vy, V = —ic”
t(gj) — Rjj—l(ej - ‘93'—1,) - R;1(0; — 041)
Initial | ==)
XR]N(Q — On) - ]]+1(9 ’+1)-
. tO; —n) = (—DVR,;j41(—6; +6;41) ... Rin(—6; + 6n)
Crossing | m) . ’
Xle(—gj —+ 91) .« o Rjj—l(_ej —+ Hj_]_).

Unitary | B) | (6)(6;—n)=a(6))d(8;—n) ~Ay(6;), j=1,-N.
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lll. The XYZ model: Functional relations

Analyticity ‘ A(u) 1s an entire function of u.

Alu+1) = (=1)"A(u),
Periodicity D) A+ 1) = (=1)Ne 2riNutN(B5) =55, 63 A ()

A(B)A0; —n) = a(6;)d(6; —n). j=1,...,N.

N

agn N
Identities =) H o

Jj=1




lll. The XYZ model: Inhomogeneous T-Q

Au) = p2imliutio (u) Q1(u —n)Q(u — 1) n e~ 2imli(u+n)—ig g () Qa2(u +n)Q(u + n)

Qa(u)Q(u) | S Qi(u)Q(u)
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O(u) — H u—)\).

N +m =2M + M;. The minimal T-Q == m=0




lll. The XYZ model: Bethe ansatz equations

L .
M
N
( 5 — M — My )y — E (pt; — 1) = 17 + 124, Iy, m, € Z,

=

=1

M,

_ M
57 + jEZl (pj +v5) + ]-Ezl Aj = ma, mg € L,

C€2i7r(l1,uj+ll77)+i¢gN(’u,j -+ 77) .

oN (1) —Qa(p;)Qa(pt; +mQ(py +m), 7 =1,..., M,
. p—2imlhvi—ip ;N P BAE
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lll. The XYZ model: Even N case

For even N and generic coupling constants, we have
c=0 solutions.

=0, N=2M, {u;}=A{v;}={A;}

0 = oif " (u+n) O(u—n) i0 o (u) O(u+n) ) -
Au) o) omw  T¢ om0 Ea();:ler s s&olutlon
M o) addeev
0 =[] Takhtajian
e II;II c(n) akntaj
oV (Aj+n) 2ip Q(Aj +1) .
o(4;) Q(Aj—n) C




lll. The XYZ model: Even N case

Table 3.1 Numerical solutions of the BAEs (3.2.52)-(3.2.53) for N =4, n = 0.4, T =i. The eigen-
values E, calculated from (3.2.54) are exactly the same to those from the exact diagonalization of
the Hamiltonian. n denotes the number of the energy levels. (depicted from [17])

A A2
0.80000 +0.11349; 0.80000 +0.88651:
0.80000 4+ 0.00000: 0.80000 + 0.50000:
0.80000 4+ 0.00000: 0.30000 + 0.50000:
0.30000 4+ 0.00000: 0.80000 + 0.00000:
0.30000 4+ 0.70000: 0.80000 + 0.80000:
0.30000 +0.30000: 0.80000 + 0.20000:
0.30000 +0.86676i 0.80000+0.13324;
0.30000 +0.13324; 0.80000 + 0.86676i
0.62340 +0.25000i 0.97660 + 0.25000i
0.62340 +0.75000i 0.97660 + 0.75000i

0.6 1.0
0.03367 +0.50000i 0.56633 + 0.50000:
0.30000 4+ 0.50000:7 0.80000 + 0.50000:
0.30000 4+ 0.00000: 0.80000 + 0.50000:
0.30000 4+ 0.00000: 0.30000 + 0.50000:
0.30000 +0.160227 0.30000 + 0.83978i

Ey
—3.21353
—2.34227
—1.71217
—0.61387

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.58230
0.61387
1.71217
2.34227
2.63122

=

B = = 0 O W= = W O ==
O 00 1 W h h B W —

I—
O




lll. The XYZ model: Odd N case

For generic coupling constants, no ¢c=0 solution

Table 3.2 Numerical solutions of the BAEs (3.2.64)-(3.2.69) forN =3, 1 =020, t =i, [y =m; =
my = 0. The eigenvalues E,, calculated from (3.2.70) are exactly the same to those from the exact
diagonalization of the Hamiltonian. n denotes the number of the energy levels. (depicted from [17])

H Vi Al c o k E, n
0.35000+0.02632i  0.45000+0.02632; —1.10000 —0.05263i| —0.08948 + 0.00000:| —0.08501 — 0.00000i | 1 [ —1.40865] 1
0.35000—0.02632i  0.45000 —0.02632i —1.10000+ 0.05263i| —0.08948 + 0.00000:| 0.08501 —0.00000; (2(—1.40865]|1
—0.15000 4 0.08693; —0.05000 + 0.08693: —0.10000 —0.17387i| 3.04065 + 0.00000: | 4.10893 —0.00000; (2|—1.40865]1
—0.15000 — 0.08693:; —0.05000 — 0.08693: —0.10000+0.17387i| 3.04065 — 0.00000:; |—4.10893 —0.00000:(1|—1.40865]1
—0.65000 —0.27875: —0.55000 —0.27875: 0.90000 + 0.55749: | —0.28951 —0.00000:| 0.35925 —0.00000: [Of 1.18468 |2
—0.28066 4+ 0.31196i —0.18066+0.31196; 0.16133 —0.62392i | —0.61188 4+ 0.36729i|—0.27657 +0.04967:|0| 1.18468 |2
0.15828 +0.12139;  0.25828 +-0.12139i —0.71655 —0.24279i| —0.09303 — 0.16695i(—0.29190 +0.31832i|0| 1.63263 |3
—0.42198 4+ 0.50000: —0.32198 +0.50000: 0.44397 — 1.00000: | 3.33371 —7.57925i (—0.94248 —0.14392:|0| 1.63263 (3




IV. The antiperiodic XXZ model

|Cao et. al, PRL 111, 137201(2013) |

N
_ x x y_y i 2- z m
H = 2 [O'JO']+1-|-O'J-O'J-+1 -|—coshnojo'j+l] .’

j=l1

AR

Monodromy matrix

1 )

. C(u) D(u) O X0l <X
To(u) = ogRoN(u—6N)---Ro1(u—061) = (A(u) B(u) ) 0-N-|-1 — 0-l O-l Gl

Transfer matrix -
((6;)1(6j—1)=—a(0;)d(0j—-n), j=1, N,

t(u) =troTo(u) = B(u) +C(u). sinh(u — 6)

sinhn




IV. The antiperiodic XXZ model: T-Q (I)

Functional relation Periodicity

A(0,)A(8;-1) = —a(8))d(6;-1), j=1,-N.| [Alutiz)=(-1)""A(x

<

_ Degree N-1
w Qiu=m) o Qa(utn) o a(u)d(u) _ _
Au) =e"a(u) 0,(0) —e "“MNd(u 01(0) —( U)QI(U)Q.'Z(“) « trlgonometrlc
polynomial

M M
Q1(u) = [ [sinh(u—p;), Q2(u) = []sinh(u—v;)
J=1 j=1

|

c(u) = sinhY n [(,i¢1+u _ (,i¢2—u—n] c(u) = Silthr’ [(ei¢'+2“ +(,i¢3—2u—2n]

|

t

o o

Even N, M=N/2 Odd N, M=(N+1)/2




IV. The antiperiodic XXZ model: T-Q (Il)

() a(u)d(u)

Q(u—n) _e U Ny o)
U

Q(u)

Ou+mn)

A(u)=a(u)e" O(u)

(u)

N
Q(N) = n Sillh(u —lj) ('(u) — sinhNn [(,"-NU+Z’}-’=,(9j—/lj) _ (J—u—n—Z’jYzl(gj_Aj)] |
Jj=1

Table 4.3 Numerical solutions of the BAEs (4.4.18) for N = 3, n = In2. E, is the n-th eigenenergy
and n indicates the number of the energy levels. The eigenvalues calculated from (4.4.19) are
exactly the same to those given in Table 4.1.

)-1 2'2 AB Ey

—0.97964 —0.34657 0.28649 —3.02200
—1.11092 4+ 0.50000ir —0.34657 + 0.50000ir 0.41778 +0.50000ix (—3.02200
—0.72948 +-0.43156ir —0.34657 +-0.21409ir 0.03633 +0.43156ix (—1.25000
—0.72948 — 0.43156ir —0.34657 —0.21409ir 0.03633 — 0.43156ix (—1.25000
—0.72959 — 0.09417ir —0.34657 —0.45213ir 0.03644 — 0.09417ix (—1.25000
—0.72959 4+ 0.09417iwr —0.34657 +0.45213ir 0.03644 +0.09417ix |—1.25000
—0.34657 — 0.50000ir —0.34657 —0.10517ir —0.34657 +0.10517ix| 5.52200
—0.71841 — 0.50000ir —0.34657 — 0.00000ir 0.02526 4+ 0.50000ixr | 5.52200

=

W W NN ==




IV. The antiperiodic XXZ model: T-Q (Il)

Table 4.4 Numerical solutions of the BAEs (4.4.18) for N =4, n = 1. E, is the n-th eigenenergy
and n indicates the number of the energy levels. The eigenvalues calculated from (4.4.19) are
exactly the same to those given in Table 4.2.

Al

Az

A3 Ay

E,

=

—2.12754 4+ 0.50000i7
—1.83685
—1.744494-0.15319in
—1.74449 — 0.15319ix
—2.03215+0.4207 iz
—2.03215-0.4207 lim
—1.86358+0.31377ix
—1.86358 —0.31377inx
—1.31784 — 0.50000i
—1.60669 — 0.50000i7
—1.03760 — 0.12735ix
—1.03760+0.12735ix
—1.81891 —0.48351in
—1.81891+0.48351ix
—1.53412-0.41713ix
—1.534124+0.41713ix

—1.03389 + 0.50000ix
—1.00000
—0.98935 4+ 0.15137ix
—0.98935 —0.15137ix
—0.96024 +0.36347in
—0.96024 —0.36347ix
—1.02758 +0.24134ix
—1.02758 — 0.24134ix
—1.00000
—0.50000 — 0.25533in
—0.50000 — 0.41963ix
—0.50000 4+ 0.41963ix
—0.50000 — 0.47875ix
—0.50000 +0.47875im
—0.50000 — 0.21809ix
—0.50000 +0.21809ix

0.03389 + 0.50000ixr 1.12754 4 0.50000ix
0.00000 0.83685
—0.01065 4 0.15137ix 0.74449 4+ 0.15319ix
—0.01065 —0.15137ix 0.74449 —0.15319ix
—0.03976 4+ 0.36347ir 1.03215+0.4207lix
—0.03976 — 0.36347ir 1.03215—-0.4207 iz
0.02758 +0.24134ixr  0.86358 +0.31377in
0.02758 — 0.24134ir 0.86358 —0.31377irn
0.00000 0.31784 + 0.50000ix
—0.50000 4 0.25533ix 0.60669 + 0.50000ix
—0.50000+0.15711izx 0.03760 —0.12735ix
—0.50000 —0.15711izx 0.03760+0.12735ix
—0.50000 — 0.06781ixr 0.81891 —0.48351ix
—0.50000+-0.06781ixr 0.81891+0.48351ix
—0.50000 4 0.02400ixr 0.53412—-0.41713ix
—0.50000 — 0.02400ir 0.53412+0.41713ix

—4.27591
—4.27591
—3.67755
—3.67755
—3.67755
—3.67755
—3.46526
—3.46526
0.27591
0.27591
3.67755
3.67755
3.67755
3.67755
7.46526
7.46526

(=N R R R S R e " T SV T ST SO R S I




IV. The antiperiodic XXZ model: Bethe states

Scalar product mmm) | ({1} ‘PIHB 1;)10)

j=1

(u)F = Z (u 1+ ZM“ u f“ 1 +Fnsa,
R . I t. k=1
ecursive relation Fi () = A(”)J

Fyy1=0.

n
Fu(61,---,6n) = I_IA(G.i)
=1

In principle, all the off-shell scalar product can be
derived from the inhomogeneous T-Q relation




IV. The antiperiodic XXZ model: Bethe states

A convenient basis

(Bpys-+,6p,| = (Oll_IC D(“)|9p|»"'-9pn>=d(”)jlj Sil;l;lg;(;%é:)nnem 0,
2 00) = 1@ | | 00 =[] e
gipi € (- ,N).pr<p2<--<ppand q < qa < --- < qp Orthogonal
(B0, [00,.++26,,) = fu(By,.-- ’9”")5"""1,'1:[161’1-‘1;" zggigomplete
Fu(Bprsee16y,) = ﬁa(epj)dpj(epj)ﬁ Si:?égfg_ ﬁ"f)’” Niccoli 12
- . S CYSW13




IV. The antiperiodic XXZ model: Bethe states

Expansion of the eigenvector

Z ZX" p1s"° <9pl ”’epn|
n=0 p

ZZX”(GPI ' )| prs”

n=0 p

The Bethe state for T-Q(ll)

xn(gp]".”’epn) —

[Tj-1A(6)))

.f;1(9p| s 77T epn)‘

.0,)| €8 SoV state by Niccoli

Reference state

A 4

N D ).]) N 1 FZ" 0 n

=11 d(x =Y ) fu'(6py.--.0p,)e= 1% [Ta(6),)|6p,,- - .6p,)

j=1 n=0 p I=1
By, .o ) = (6o Oy, ) = 6,6, G | Why?




IV. The antiperiodic XXZ model: Scalar product

Final solution of the recursive relation

m

(91a"'s9rz|kl:I]B('-‘k)|0> =Oum8&n(10j}{uat), &0 =(0/0)=1.

[1)_1 [Te—1 sin(ug — 6 +n) detA ({uq }:{6;})

en{8}l{ua}) = = i~ Sinh(6, —6;) [T, p sinh(ug — ug)

B sinhn d(uy )a(6;)
~ sinh(ug — 6;+n) sinh(ug —6;)

N ({ua}:{6j}) a.j

F;z({”j}): Z,

l<p1<p2--<pa<N

L gn({6p, H{mj})
{H"(""')} & ({0, }1{65,))

=1




V. Concluding Remarks & Perspective

Yang-Baxter Equation & Reflection Equation

$

Operator product identities 1(6;)¢(8 - 1) =a(8;)d(6;— 1) ~ 4,(6)), j=1,-.N.

3= | Asymptotic behavior of the polynomial

\ 4

Q1(u —n)

1ali r \(u) = a(u d(u Qalut1)
Polynomialization | | Al =al)=a77=+d)

Q1(u)

a(u)d(u)
Q1(u)Qs(u)

+ c(u)

Regularity ‘ Bethe ansatz equations




V. Concluding Remarks & Perspective

« Spin torus: [Phys. Rev. Lett. 111, 137201 (2013)]
. Open XXX: [Nucl. Phys. B 875, 152 (2013)]
o Open XXZ & XYZ: Nucl. Phys. B 877, 152 (2013)]
« Periodic XYZ: 'Nucl. Phys. B 886, 185 (2014)]
« Hubbard: 'Nucl. Phys. B 879, 98 (2014)]
. t-J: JSTAT P04031, (2014)]

« SU(n) & nested ODBA [JHEP 04, 143 (2014)]

« Thermodynamics: 'Nucl. Phys. B 884, 17 (2014)]
« lzergin-Korepin: JHEP 06, 128 (2014)]

« Spin-s Heisenberg: [arXiv:1405.2692]

« Retrieve the eigenstate [arXiv:1407.xxxx]




V. Concluding Remarks & Perspective

High rank systems: An, Bn, Cn, Dn

A 4

t(l)(gj)t(’)(ej — 77) ~ t(,"""l)(@j)’ r= ]., te ,AT — 1. » NeSted T'Q

The method works for all boundary conditions!

Interesting open problem : How to retrieve
the Bethe states?







