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Spin—% XXZ Spin Chain

Periodic boundary condition

The Hamiltonian of the closed XXZ chain is
(Ui k41 + Ok Ojyy +coshnof 0i+1> )
where

o — SO —
ONi1 =01, Q=X,y, 2

The system is integrable, i.e., there exist enough conserved charges

1o}
b= [H, h]=0, i=1,....
lat [ ] i

and
[hi, hj] = 0.
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Spin—% XXZ Spin Chain

Periodic boundary condition

It is convenient to introduce a generation function of these charges, the so-called
transfer matrix

t(u) = Z hiu'.
i=0
Then
[t(v), t(v)] =0, Hx % In t(u)|u=0, ;=0 + const,
or

H o halhl + const,

ap—=1 _ _«
ho o hy " = oy
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Spin—% XXZ Spin Chain

Periodic boundary condition

The eigenstates and the corresponding eigenvalues can be obtained by Quantum
Inverse Scattering Method (QISM). In the framework of QISM, the monodromy

matrix T (u)
o (AW B
W= o )

has played a central role. It is built from the six-vertex R-matrix of
To(u) = Ron(u — On) . .. Ro1(u — 601),
where the well-known six-vertex R-matrix is given by
sinh(u + )

1 sinhu sinn
R(u) = sinhn sinhn  sinu

sinh(u +7n)

The transfer matrix is t(u) = trT(u) = A(u) + D(u).
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Spin—% XXZ Spin Chain

Periodic boundary condition

Besides the quantum Yang-Baxter equation,
Ri2(u — v) Ri3(u) Ra3(v) = Ro3(v) Riz(u) Riz(u — v). (1)

the R-matrix also satisfies

Initial condition : Ry2(0) = Pia, 2)
Unitarity relation : Ri2(u)Ro1(—u) = p1(u) x id, 3)
Crosing-unitarity relation : Rj5(u)Ry} (—u — 2n) = pa(u) x id, (4)
Z>-symmetry : olobRio(u) = Rip(u)aiah, fori=x,y,z, (5)
(Anti)Symmetry : Rio(—n) = —(1 — P) = —2P(~), (6)

__sinh(u+n) sinh(u—n) __sinh(u+4-2n) sinh(u)

where p1(u) = shnamhy o P2(U) = sinh 7 sinh 77
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Spin—% XXZ Spin Chain

Periodic boundary condition

The QYBE leads to the following so-called RLL relation between the monodromy
matrix

Ria(u — v) Ti(u) T2(v) = Ta(v) Ti(u) Riz(u — v).

This leads to [t(u), t(v)] = 0. Moreover, (2) and (6) implies

T1(0)T2(6; — n) = P Tu(6) T2 — 1), j=1,...,N. @)

This gives rise to the very operator identities

t(0)t(0;—n) = tria {T1(6;)T2(6; — m)}
= tro {P£2_)T1(9j)7—2(9j - 77)}
= Deto(T(6)), j=1,...,N, (8)

where Detq(T (1)) = tr{P;) Ty (u) Ta(u — n)P)} = Ag(u) x id.

= the T-Q ansatz <« Conventional BA.
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Spin—% XXZ Spin Chain

Twisted boundary condition

Let a constant matrix g satisfies
Ri2(u) g1 82 = g2 g1 Ri2(v),
and introduce the twisted transfer matrix

t(u) = tr{g T(u)}-

It is easy to show that [t(u), t(v)] = 0. Moreover, it also satisfies the very operator

identities
t(0)t(0; —n) = triz{g1T1(0;)g2T2(0; — n)}
= tro {glgzpig) T1(9j)T2(9j - 77)}
= Detq(T(9))) x det(g), j=1,...,N. (9)

= the inhomogeneous T-Q ansatz. [ J. Cao et al, arXiv:1305.7328].
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Spin—% XXZ Spin Chain

Open boundary conditions

For open chains, one need to introduce two K-matrices K*(u). The K-matrix K~ (u)
satisfies the reflection equation (RE),

Ri2(u1 — w2) K| (u1)Rox(u1 + w2) Ky (u2)
= Ky (u2)Ri2(u1 + w2) K] (u1)Ro1(u1 — w2), (10)

and K*(u) satisfies the dual RE

Rio(uz2 — ul)K;L(Ul)Rgl(ful —up — 2)K2+(u2)
= K (u2)Ria(—u1 — wp — 2)K1+(u1)R21(u2 — up). (11)

Let us introduce double-row monodromy matrix

Ti(u) = Ta(u)K ™ (u) Ta(u),
To(u) = Ruo(u+61) ... Rno(u + 0n).
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Spin—% XXZ Spin Chain

Open boundary conditions

The properties (2), (6) and QYBE (1), RE (10) imply that

Tia(26) = Ti(£6))Rer(£26; — ) Ta(26; —n) = PS5 Tia(26)),  (12)
Kh(u) = K (u—n)Ria(—2u—n)K (u). (13)
Then
tH(E6)e(£0 —n) = py '(£20) — n) tria {K5(26)) Tia(£6)) }
(12)

= o3 (20 — ) tro { Ki5(6)) P Tia(405) }

E (20— n) o { P K (+0)) P Tio(+6)}

= o320 — ) tro { P K (0)) P Taa ()Pl )}
— 3" (£26; — ) Dety(K* (£6;)) Detq(T(£6,))

= py (20 — n) AL (£26)) x id.
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Spin—% XXZ Spin Chain

Open boundary conditions

The most K-matrix K~ (u) is given by [de Vega et al 1993 & Goshal et al 1994]

e = Kal) Kp
o = Kon(s)  Kon(w) ).

Ki;(u) = 2(sinh(a—)cosh(8-)cosh(u) + cosh(a—)sinh(8_)sinh(u)),
Ky, (u) = 2(sinh(a—)cosh(8-) cosh(u) — cosh(a—)sinh(8_)sinh(u)),
Ko(u) = e~ sinh(2u), Ky (u) = e %= sinh(2u).

The most general solution to the DRE is
+ _ —
KA = K (=05 0 )(car—p00)°

In addition to reflection equations, the K-matric satisfies

K=(0) = %tr(K*(O)) x id, K’(.?) = %n(K*(;)) x %
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Spin—% XXZ Spin Chain

Open boundary conditions

These properties and the quasi-periodic properties of R-matrix and K-matrices imply

t(—u—mn) = t(u), tu+ir)=1t(v),
t(0) = —23sinha_ cosh B_ sinh oy cosh B coshn
o ﬁ sinh(n - 0)) sinh(n +0)) “id,
-1 sinhn sinhn
t(%) = —23cosha_ sinh B_ cosh oy sinh B4 coshn
N iT : iT
sinh(2F + 0, + n) sinh(5 + 0, —
><]‘—[ (2 I. 77). (2 ! W)Xid7
1 sinhn sinhn
h(O_ — 0 +[(2N+4)u+(N+2)n]
_ cosh( +)e xid+ ...,

lim t(u
u—Foo (u) 22N+1 5inh2N ¢

and the very operator identity

sinh?n AL (6)) A
sinh(20; + ) sinh(20; — n)’ 9

t(0,)t(0; —n) =
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Spin—% XXZ Spin Chain

Open boundary conditions

Let |W) be a common eigenstate of the transfer matrix with an eigenvalue A(u), then

Neu—m) = AW, Adutin)=Au), (14)
A() = —23sinha_ cosh B_ sinh a4 cosh 34 coshn (15)
Xﬁ sinh(n — 6;) sinh(n + 6)) (16)
1 sinhn sinhn ’

/\(%) — 23 cosha_ sinh B_ cosh oy sinh B4 cosh 7 (17)
Xlﬂ[sinh(’g+9,+n)sinh(’g +6,—n) (18)

1 sinhn sinhn ’

) - Cosh(ef o 9+)e:t[(2N+4)u+(N+2)n]
m Aoy = - 22N+1ginh2N ) T (19)
sinh? 7 5(6;)

ANOHNO; —n) = v (20)

~ sinh(20; 4 1) sinh(20; — 1)
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Spin—% XXZ Spin Chain

Open boundary conditions

The function é(u) is given by

u — 2n) sinh(2u + 2n)
sinh 7 sinhn

x cosh(u — B_)sinh(u + a4 ) sinh(u — a) cosh(u + B+) cosh(u — B4)

o(u)y = =2* sinh(2 sinh(u + a_)sinh(u — a_) cosh(u + B-)

o I’—VI sinh(u + 0 + n) sinh(u — 6, + n) sinh(u + 8, — n) sinh(u — 6; — n)
ey sinh(n) sinh(n) sinh(n) sinh(n) '

Moreover, it follows that A(u), as an entire function of u, is a trigonometric
polynomial of degree 2N + 4. Hence (14)-(20) completely determine the function
A(u). For this purpose, let us introduce the following functions:

ﬁ sinh(u — ) + n) sinh(u + 6, + n)

Alw) = =1 sinhn sinhn ’
= - Msin u— o) cosh(u—
) = 2T (s — o) cosh(u — )
x sinh(u — aq) cosh(u — B+)A(u),
dlu) = a(—u-—n).
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Spin—% XXZ Spin Chain

Open boundary conditions

The complete solutions to (14)-(20) can be parameterized by the most general
inhomogeneous T — Q ansatz [J. Cao et al, arXiv:1306.1742].

Qv —n)Q(u—mn) Q2(u+1)Q(u+mn)
ANu) = y)———— 2 V()=
W= 2 g wew YT awew
c(u) sinh(2u) sinh(2u + 27) Cu
Q) Qu(n)Qw) AT @)
where the functions Qi (u), Q2(u) and Q(u)are some trigonometric polynomials ,
2m sinh(u — p;j)
Qu) = [[= " Qu)=Qu(-u—mn), 2M+M =N+n,
g sin (n)
! sinh(u — A;j) sinh(u + A; +n)
Q) = ]-:-[ smhn sinh 7

The function c(u) is a self-crossing trigonometric polynomials to make asymptotic
behaviors satisfied. Regularity = BAEs
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Spin—% XXZ Spin Chain

Open boundary conditions

Each choice gives rise to the complete set of eigenvalues. Here two typical choices.
I M=0,M =N

M) = () QU= g Qutn)

Q(uv) Q(u)
csinh(2u) sinh(2u + 2n) A
Q(u)

(WA(~u — ), (22)

where ¢ is a constant and Q(u) is

N i i)sinh(u i
Q) = 1—Ismh(u—/\_,) h(u+Xj+n)

sinh 7 sinhn

j=1
where the N parameters {);} satisfy the associated BAEs
csinh 2); sinh(2\; 4 2n)A(N))A(=X; — 1)

a(\) QN — ) B
detm Tt T d()Q0 1 1) - ()
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Spin—% XXZ Spin Chain

Open boundary conditions

.M =0, M=2t1n=0foraneven N, n=1 for an odd N

Qi(u—mn) Q(u+n)
Q2(u) Q1 (u)

c[sinh(u) sinh(u + n)]" sinh(2u) sinh(2u + 27)
: Q) Q) A

where the functions Qi (u), Q(u) are

Au) = a(u)

+ d(u)

()A(—u —n)(24)

Q) = 2 o) = @i(—u—mn),

1 sinh(n)

The N + n parameters {y;} satisfy the associated BAEs

csinh(2p)) sinh(2p; + 2n0) A(p))A(—p; —n) sinhnsinhn n

d (1) Q2(1) Qa1 + 1) ~ sinh g sinh(p; + 1)
.j = 17 L) N + n,
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Spin—% XXZ Spin Chain

Open boundary conditions

o QYBE& REs=>Integrability < Transfer matrix

o Intrinsic Prop. of R( or K)-matrix = Operator Id. < Solvability

Moreover, almost all of standard R-matrices and K-matrices have such
intrinsic properties.
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Other case

Izergin-Korepin model

The R-matrix reads

R12(u) =

c(u)
b(u) e(u)
d(u) g(u) f(u)
&(u) b(u)
C) a(u) g(u
b(u) e(u)
f(u) g(uv) d(u)
é(u b(u) W

It is the first simplest model beyond A-type.
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Other case

Izergin-Korepin model

The matrix elements are
a(u) = sinh(u—3n) —sinh 5n+sinh 3n+sinhn, b(u) = sinh(u—3n)+sin 3n,
c(u) = sinh(u — 5n) +sinhn, d(u) = sinh(u —n) + sinhn,
e(u) = _2e 7 sinh 2ncosh(g —3n), &)= —2e% sinh2p cosh(g —3n),
f(u) = —2e~ " 27 sinh ysinh 21 — e~ " sinh 41,
f(u) = 2€“~ 27 sinhnysinh 21 — e" sinh 47,

g(u) = 2e~ 212 ginh g sinh2n, g(u) = —2e% 7 sinh g sinh 2.
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Other case

Izergin-Korepin model

The associated non-diagonal K-matrices K~ (u) is

1+ 2e Y"€sinhn 0 2e~ €T sinhu
K= (u) = 0 1—2e ¢sinh(u—n) 0 ,
2e7 <" 7sinhu (0] 1+ 2e“"€sinhn
K+(U) = MK7(7U+677+’.7T)|(e,a)~>(€’,o'/) )
M = Diag(e?,1,e"2).

There four boundary parameters ¢, o, €, o’.
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Other case

Izergin-Korepin model

Intrinsic properties of the R-matrix

R12(0) o< nP12,  Riz(u) Ro1(—u) = p1(u),
R1t12(u)./\/l1 R;ll(—u + 1277)/\/11_1 = p2(u) x1id,
Ria(6n + im) = P x S, Ria(4n) = P x S

and the corresponding properties of the K-matrices:

g

1)
2

K~ (0) = (1 + 2e™ “sinhn),
K~ (im) = (1 — 2e~“sinhn),

K*(6n+ im) = (14 2e~ sinhn)M,
K*(6n) = (1 — 2e= sinh mM,

K™ (0)K™(—u) <id, K (u) KT (—u+6n+ir) o id.

and PS) are projectors with rank 1 and 3 respectively.

Wen-Li Yang
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Other case

Izergin-Korepin model

These properties lead to the following operator identities which complete characterize
the spectrum of the transfer matrix

t(0))t(0; + 6n + in) = 751/()‘1'222;(1 u=0; » J=1,.. N, (32)
t(0;)t(0; + 4n) = 52(u)p:(_t(2z12877;r ) w=0; » J=1,...,N, (33)
t(u) = t(—u+6n+in), t(u)=t(u+2inr). (34)

where §;(u) are some functions.
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Other case

Izergin-Korepin model

and the values of the transfer matrix at 0, im, co

t(0) = t(6n + im) = (1 + 2e~ “sinhn)tr{K*(0 }Hm —0;) x id, (35)
N
t(im) = t(6n) = (1 — 2e~ “sinhn)tr{ K" (i)} le(iw —0)) x id, (36)
=1
lim t(u) = (l)2Ne_e_€/eiZ(NH)(“_M)(l +2cosh(c’ — o + 2n)) x id +(37)
u—Foo 2

= T-Q relation

o JHEP 06 (2014), 128 [arXiv:1403.7915].
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Conclusion and comments

So far, many typical U(1)-symmetry-broken models have been solved by the method:

The spin torus.
The XYZ closed spin chain.

The spin—% Heisenberg chain with arbitrary boundary fields and its higher spin
generalization.

The open spin chains with general boundary condition associated with A-type
algebras.

The Hubbard model with unparallel boundary fields.
The t-J model with unparallel boundary fields.

The Izergin-Korepin model with non-diagonal boundary terms.
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Conclusion and comments

So far, many typical U(1)-symmetry-broken models have been solved by the method:

The spin torus.
The XYZ closed spin chain.

The spin—% Heisenberg chain with arbitrary boundary fields and its higher spin
generalization.

The open spin chains with general boundary condition associated with A-type
algebras.

The Hubbard model with unparallel boundary fields.
The t-J model with unparallel boundary fields.

The Izergin-Korepin model with non-diagonal boundary terms.

Integrability < Solvability
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