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Introduction and motivations

We consider the quantum version of the Ablowitz-Ladik model
and the corresponding quantum version of its Backlund
transformations. One of the main aims is to emphasize the
significant relationships between the Baxter’s operator and the
Bécklund transformations theory.
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Definition of the classical and quantum models.
Bethe ansatz, quantum determinant and Baxter’s equation.

Classical and quantum Béacklund transformations for the
model.

Baxter’s operator and its g-integral representation.
Discussion.
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Classical equations of motion

Gk = Qk+1 + Gk—1 — 20k — Qi lk(Qk+1 + Gk—1);
Ik = Ikt — Tk—1 + 2k + Qi Tk (k1 =+ Tk—1).
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Classical equations of motion
Ok = Q1 + Gk—1 — 20k — QkTk(Q+1 + Gk—1),
Ik = Ikt — Tk—1 + 2k + Qi Tk (k1 =+ Tk—1).

The model possesses a Lax matrix representation

)

N
L) =]] Le(y),  with  Le(N) :< A Aqg )
k=1

Ik

with a Poisson algebra defined by a r-matrix structure
{L(N) @ Lw)} = [r(A/v), L(A) © L(v)]
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The above relations are equivalent to the following Poisson
brackets among the dynamical variables of the model

{9k, 1} = (1 = Qklk)d, {9k, qi} = {r, r;} = 0.
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The above relations are equivalent to the following Poisson
brackets among the dynamical variables of the model

19k, 1} = (1 — Q'K )0k, {9k, g} = {rk, r;} = 0.
The quantum r matrix is given by the expression
R=(1+n/2)1—nr, n =ih
defining the commutation relations
ROVY) LY L) =L (1) L(YROY)
equivalent, at the level of the variables (g, rx), to
(G 1i] = n(1 — Qi) O
The quantum r-matrix solves the Yang-Baxter equation
Ricja(A/v) Rem,kb(A) Ran,br(v) = Rja k() Ric,br(A) Rem,an(A/v)

(convention on indices: if T = A® Bthen T35 = A.sB,s)
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Let us set

Cc(A) D)

The quantum r-matrix defines the commutation relations
among the elements of the monodromy matrix, e.g.

L) = ( A B\ ) |

A(v)C(A) = f(r, )C(MNA(v) + g(A, v)C(r)A(N),
D(v)C(\) = F(r, \)C(A\)D(v) + §(A, v) C(v)D(N)

V2 v
where f(V )‘) - 1+r/ (1 7)/\2 ag - 1Zr/ﬁ’

Fv.\) = (0, v) and §(\, v) = g( , )
A)
D()

Define a vacuum state |0) by B(\)|0) = 0. If it is unique, it is
also an eigenvector of A(\) and D(\) with respective
eigenvalues
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Looking for a set of eigenfunctions in the form (m and the \x’s
arbitrary)

m

om({A}) = [T C)I0),

k=1
and using the previous commutation relations, one gets

Tr(L(V))¢m( Hfu)\ )+ d(v ny/\ )¢m+
J

+3° (awn+ d0wA) TT C(Aj)C(u)|0>,
K j#k

where A = g(Ax, v) [Tk f(Ak. Aj)- If the Bethe equations

N N(141n)— A2
/\ /\ = /7 :)\2N k:1 5
a(Ae) Ak + d(Ak) Ak 0:>11;£<,\/?(1 T )2 ko m,

are satisfied, then ¢, is an eigenvector of Tr(L(v)).
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The eigenvalue equation

N m e - 5 )\2 b
TI’(L(V))Qbm = W ];1[ (1 — 7])\12—I/2> = (1 +77 — 2 ) Pm

gives the Baxter’s equation: indeed if we call {(») the
eigenvalue of TrL(») and set

m

LCRPHES | (CaEPY)

J=1

then the eigenvalue equation is equivalent to

N 1 v
tw)y(v, {A}) = W¢(VV n+1,{\})+ Vw¢1(ﬁa {Ah)
It is possible to understand deeper the structure of this

equation.
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We introduce the quantum determinant of the monodromy
matrix. By using the commutation relations, it is possible to

show that
AN B(N) PAYE) - _B(wa) \ . 10
( C(\) D)) ) ( _C((a\/a) L\/g&) _(\/a)’\’ 1A< 0 1 )
and that

( o0/m) B(Aﬁ))
AOVa) (
(/\\f) NG

where we pose

and we defined
(\/E)AH A AN)D(Aa)  B(N)C(M\a) _ D(NA(Ma)

_ AMWa)D(N) o _ DOWa)A(N) — B(AVa)C(N)
= A COWa)B(N) 5 D,
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The operators A(\) and Tr(L(1.)) commute.
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The operators A(\) and Tr(L(1.)) commute.

For our specific monodromy matrix one has
A =TT (1 — rkqi)
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The operators A(\) and Tr(L(1.)) commute.

For our specific monodromy matrix one has
A =TT (1 — rkqi)

Corollary 1

The eigenvalues of the quantum determinant A on the
eigenfunctions ¢, are given by the relations

m

md(N)a(\/a) T
A(A C\)|0) =" 222 C(),)|0).
()E(,)|> oL E(,)|>
and, in our case

AN T ooy =" T c(1)0).

=1 J=1
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The meaning of the Baxter’s equation is now clearer: if we call
om the eigenvalue of the quantum determinant A, then we have

tw)om(v, {A}) = Smr" T/Jm(f AN+ Nwm(v\/&{A})-

By choosing a different normalization for the function ¢, (v),
that is 1m(v) = ¢¥m(v)?™, one gets

t0) (e () = M= D) + R, ()

that is the factor ¢, moved to one addend to the other.
In general the Baxter’s equation will be (see also [Korff, '12])

tw)y(v,{A}) = /\m(\f AN APV, {A})

where A, and A_ are two scalar factors whose product gives
om, the eigenvalue of the corresponding quantum determinant.
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Backlund transformations,
Baxter's equation and
Baxter’s operator.
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Classical Backlund transformations

A set of Backlund transformations for the classical model can
be obtained through the dressing matrix technique.

N +ak Ab
DK(A):( )\Ck « 1k )7
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Classical Backlund transformations

A set of Backlund transformations for the classical model can
be obtained through the dressing matrix technique.

XN +ae A\b A2 — 2(1 — bkck) b
Dk(A):( )\Ckk ﬁ),ka(/\):( H)(\ck kCk) 1k)
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Classical Backlund transformations

A set of Backlund transformations for the classical model can
be obtained through the dressing matrix technique.

XN +ae A\b A2 — 2(1 — bkck) b
Dk(A):( )\Ckk ﬁ),ka(/\):( H)(\ck kCk) 1k)

LDk — Dys1ly = 0,
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Classical Backlund transformations

A set of Backlund transformations for the classical model can
be obtained through the dressing matrix technique.

XN +ae A\b A2 — 2(1 — bkck) b
Dk(A):( )\Ckk ﬁ),ka(/\):( H)(\ck kCk) 1k)

LDy — DyyiL = 0, = by = g, Ck = Fk—1
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Classical Backlund transformations

A set of Backlund transformations for the classical model can
be obtained through the dressing matrix technique.

X +ac Abe — N2 — #2(1 — bxck)  Aby
e ( Ack 1 ) = D)= Y 1
LDy — DyyiL = 0, = by = g, Ck = Fk—1
F % 2
Fk—1 — N ) (Tkp™ + 11
1— Qklk = (i1 z’i)(N ki~ 1)
Pk Me—1
F % 2
= x Uk = N1 )Tkp” + 1)
1 GF = (Tk = 1) (Fhp” + 1)

/1f27k+1 1

These equations define g, and gy in terms of the variables 7y
and rg.
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Two of the main properties of the transformations:
@ the conserved quantities are invariant under the action of
the maps.

@ the transformations are canonical.

The explicit form of the generating function of the canonical
transformations is

T In(z—n T In(lz + 1, ) i
F= Z/ %dz—ﬁ/ %dz—ln(rk)In(uzrk_1)—2|n(,t)2_

k ket 1/
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Two of the main properties of the transformations:
@ the conserved quantities are invariant under the action of
the maps.

@ the transformations are canonical.

The explicit form of the generating function of the canonical
transformations is

ko In(z-n e In(uPz + 1 ) i
F=>_ / %dﬂ/ %dz—ln(rk) In(12F_1)—21In(p)?.

k Ikp1+1

S u2

The derivative of F w.r.t. ;. gives conserved quantities
(spectrality property [Kuznetsov & Sklyanin, '99]).

2 (deT(L(u))> _

=—In
rg) M Ny

. OF

=
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By using the previous expression of ® and the obvious relation

, det(L(u)

TrL —
(n) =~ .
we get
TrL(u) = uNez® + we_%¢.
1

This classical expression is exact.
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By using the previous expression of ® and the obvious relation

, det(L(u)

TrL =
(n) =~ »

we get
det(L
TrL(p) = pNez® + Me_gq:.
Ju!
This classical expression is exact.
From the quantum point of view, since ¢ is c.c. to i, we can

substitute ® — 77%, giving

4 el

T A _p, 0
TrL(1)p(p, r) = pMN €29 p(u, r) + e ) =
N n A n
= u"p(p(1 +§))+MT,P( ( —é))

that agrees at first order in n with the Baxter’s equation.
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Since [qx, 1] = n(1 — qxrk)dk;, the action of g, on a function
f({r;}) is proportional to the Jackson derivative in the direction
of gi, thatis gk f({r;}) = (1 — @) D kf({rj}), where

f(l’1,...,()sz,...,l’N)71((1’1,‘..,[';(,...,/’/\/) 1

D, «f({r}) = , a= .
A({}) o e

We are looking for an operator Q,, satisfying

A
Tr(L(1))Q, = MNQ% + M—NQM, (1)
Following [Pasquier & Gaudin, '92], [Sklyanin, '00], to evaluate

the trace of the monodromy matrix we perform a “similarity”
transformation

where
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Remark 4

The column |wy) = ( M; ) is the kernel of the matrix
—Hlk—1

Dy (1) =, the matrix Ly is lower triangular.

In the quantum case, from the element 21 of Lxpx (px are the
“column” of Q) we get the g-difference equation

121 = QkFi—1)pk = (Fe—1 — 1) px
More explicitly

112 i P
12Tk 4 1) (Pt — Ik

pr(ps 1) = ( )pk(u,afk),

that is solved by

1 Gk
pr(p, re) = Gk 7 7 = 7 -
o) = G L =) ~ (e o)

Tk—1 [ nlr

where Gy is independent of ry.
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By using the previous expression of the function p it is possible
to show that the matrix L p, can be written as

2T 1 0

N 1

Lok = " ) Pk
—Qk —=

Mk

that is

Mfk

. (L= k) 0

Lpr(p, 1) = ( e T Pt )
— Qo 1k) - pr(py/a, ap)

from which it follows that the trace of L(x) on p =[], p« is given
by

oL 1) = 1oL )+ gl ).
or, from Ap(r) = [, (1 — rkqk)p(r) = p(ar)

oL 1) = o) ot/ )
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The Baxter’s equation involves three commuting operators (the
determinant is not a c-number neither a Casimir). But a single
equation is still enough to get the eigenvalues of both the trace
and the determinant of the monodromy matrix.

Indeed considering the Baxter’s eigenvalue equation

t(w)a(p) = 1Nq (k) + /j\,q (V) (2)

and expanding q(x) = [/" (Ni2 — ), in the limit . — 0 we get
o = a™. The zeros of the right hand/side of equation (2) gives
the Bethe equations

2 ; 2
] (Aé(1 +r])—/\,2(>
ik /\/- — (1 +n)A¢
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Remark 6

The semi-classical limit of the quantum Bécklund
transformations is linked with the generating function of the
corresponding classical transformations (e.g. [Pasquier &
Gaudin, 92], [Sklyanin, '00]).

Consider the eigenvalue equation

e N/
t(pn)g(p) = p 67(\/&) +qu(Mﬁ)

and look for a solution in the form

q(p) = e:’/(30+7731 -4-772~92+...)7

we get for Sy
Nghs; , det(Ln)) o us;
u

Confronting with the classical trace equation one identifies
So = F.

() = p
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A g-integral formula for the
Baxter’'s operator.
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It is well known that the Baxter’s operator can be expressed as
the trace of a monodromy matrix (e.g. [Baxter, '89], [Bazhanov
et al., '97], [Pronko, ’00]). The monodromy matrix can be built
as a product of elementary operators Rﬁ from the spaces

C[rx, ck] to Cl[rk, cx1 1], where C[cy] is the space of the so-called
“auxiliary variables”.

Since the Baxter’s equation is a g-difference equation, we
expect that the Baxter’'s operator can be represented by a
g-integral formula. So we introduce the inverse of the operator

qk

(gk) ' f({r}) /d ref({r}) Za”rkf(n,...,a”rk./...,rN).

Notice that (1 — )(qx)~" is the usual Jackson integral, the
inverse of the Jackson derivative.
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Also, we introduce the following g-integral representation for the
operators R

RE - (ck, Fi) — /dack/dJkPk(OéCk«,a?kCk+1,fk)¢(0k,7k)

The O operator is defined to be
0, : ¥(F) - / duf ... / Aoy O (| P (F)

where the kernel Q,,(aF|r) is given by

. N
Qu(aflr) = /dacN.../ dcy [ Pelack ok, ).
k=1

The commutativity between Tr(L())) and Q,, is ensured by the
quantum analogue of the relation L, Dy = Dy 1L, that is

REL(A\)Dk(\, 1) = Dt (A, 1) L(\)RE (3)
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The YBE (3) gives the following set of equations for Rﬁ
Rﬁfk = CkMRj(“ Rﬁbk = qui(“
Rﬁf]k = (bk+1 — H2(1 — bk+1 Ck+1)(«7k> RZ, RZ (Ck — M27k(1 — bka)> = I’ka,,,
Ry, (fikck — (1 - bka)> = (bk+1 e — 2 (1 — bk+1ck+1)> RE.
The first equation gives a contribution proportional to a g-delta
function, that is we can set

Pi(aCk, af|Cki1, k) = 0ok — Cki1) Fr(aCk, Chi1, rk).

Then, by using the the g-Leibniz rule and the g-integration by

parts, the other equations gives

rka(aCk, Ck41, I'k) + ;L2a0k+1 Fk(O(Ck, aCki1, af'k) = (fk + ,uZO(Ck+1 )Fk(aCk., aCk41, fk),
(r« — cx)Fr(ack, Ckr1, k) = rcFr(Ck, Cat, 1) — CkFr(aCk, Ckrt, alk),

CkFi(aCr, Crsts ) = (N + 1P aCist) Fie(Cr, aCra, 1),

(G — 1ic) Fi(cxCi, Gy, 1ie) = 14 Gt Fic(Cks vt %)
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The equations are compatible and explicitly solvable for
Fi(ack, cki1, r¢). The final result, putting all together, is the
following g-integral equation for O,

1/}(?) — /da?N cee /dozﬁ Q;L(O‘Hr)w(?)
where
1
;)00 — ”g—k?;oc

k

Qu(af|r) =

H’,:]z

’,",

)oc

and A is a constant of normalization that may depend on « and
.

Federico Zullo A g-difference Baxter’s operator, Backlund transformations and th



Conclusions and discussion

@ We built the Baxter’s equation in two different ways: by
using the algebraic Bethe ansatz technique and with the
help of the quantum analogue of the classical Backlund
transformations.

@ This confirms the deep relationship between the Backlund
transformations and the Baxter’s operator.

@ The Baxter’s equation is a g-difference equation whose
semi-classical limit is linked with the generating function of
the classical Backlund transformations.

@ The quantum determinant of the monodromy matrix is a
conserved quantity but not a Casimir of the Poisson
algebra defined by the commutation relations and it plays
an explicit role in the Baxter’s equation.
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@ The construction leading to the formulae for the classical
Backlund transformations has a well defined and precise
quantum counterpart.

@ We gave a g-integral formula for the Baxter’s operator and
proved the commutativity properties of Q,, with the other
conserved quantities of the model encoded into the trace
and quantum determinant of the monodromy matrix.

@ We need of a detailed study of the analytic properties of
the g-integral representation of the Q operator

@ It would be interesting to investigate on the relationships
between the same g-integral representation and the
Green’s function of the Schrédinger equation
corresponding to the interpolating flow of the Backlund
transformations [Ragnisco & Zullo, ’12].
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Thanks!
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